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« r l ts  in process control art" mostly 
cc&troi valveof these usually Iw e  either linear or 
exponential characteristic* The effect of those Control 
vnlveo la  comparison aitdi linear velvet i s  Investigated*.
■ flit IvOj  chooon fo r invcr>fixation consists of a 
p^sbsip EC * orh rcpr-canting the process* a JMtersi' 
controller end a regelating unit ishieh is  co&aidered e ither 
lAaesa* or esponontial#
fhe characteristic. of the enponcatial re lading 
unit being a nori^liroar one results in  closed loop <xa tione 
tha t are noB^llneor diffcro t ia l  equations* 20 solve t* cse 
ecpatioaa a . numorloal method iMoh i s  a modification of 
if t  used bf f t i t t ia  i i  used#
fha closed loop respo&se to  step .changed in  the 
desired value m i  load for Loth regulating unite and under 
various control ttodea i s  c Joulatcd* tho 4 te  obtained 
from the numerical solutions of the linear equations is  
ObctSrod %  sui^xonn using the laplaec Transform method* 
d l l  resu lts  ©btainod from the solution of the linear md  
nrm-lincor oguafcions are Cheated c.perineafcally b j a 
siJL 11 lull or b u ilt especially fo r th is  purpose*
ffltmn th e  closed loop response to  a  s tap  change in  the  
desired value is  c s lc ilV v l in the presence of a distance-* ■
V elocity leg  la  the loop fo r  tmth regu la ting  'm ils  uni g 
t h e  p r o p o r t i o n a l  c o n t r o l  i c U ,  a ls o  th e  c lo s e d  lo o p  re s p o n s e  
considering saturation- of the regalating uaits Is ee oj. 
o f a largo orenje In  tx  desired value and when d e riva tive  
control action in present*:,is calculated*
fhe re s u lts  provosX th o f  an exponential r   ^ 1 t in g  
u n it i s  in fe r io r  to  m l in e a r  one in  the  eat# of desired 
value ehmges rnd i s  ro t  markedly superior in  o n e  of
fii© work in  cor& lalod ly  cem enting on tna nurotdcsl 
r i J o l  used in the solution, of the differentia! eouctimes 
involved# It proved to I t  a powerful tool In dealing wltli 
con tro l aysten in  p a rtic u la r aiid with nesW linorr 
d i f f e r e n t i a l  e q u a t io n s . i n  general#   '
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la  Vnlt* iotroducfcory chqpiox gm m m  m u tm i 
ifste&a era c ;aoidf*rc& ia  central* I t  I s  rfisis th a t 
the j/raoil40 of u rls^  seffl-Xogsxdtrrie iraivoi* m  
regulutlre; un its $. ivcs rieo  to nos~li&c;rxr d ltC h rarititl 
equation® fo r  the elode^WIoo;') r ^ e s s t *  Thin I0&&3 to  
the oo£uJioration #t iraovn analy tical*  nosorical m i  
tr r? M c ri &£ sslsfcios of non*4inp&r
o ^ s e t io n c #
1 *1  i r o c f a.: O ^ ^ j o l  ‘j y t * ' * '  I s  ^ n t  r * ' l
A e in g le  c o n t r o l  lo o ?  i s  c o n t r o l  s y s t o a t
f^ W£b»-ueaally  c o ^ r l& m  t!s.# alese&ts stioim i s  the
\ , 2. *>diagram of f ip s re  (1#1> * !lSO ■ ciostro lle l cor-lifclon 1@
detected* measured e;ii co^oortd ^ t l i  U a dosirod watitf * 
ffe.# rean ltjo^  Xcvl&tian applied ;to -the  % * ro'l action  
generator f.ro ;ac*a a corrective control action, itiiali 
through the ,.reg&iatX~c ^'*it chongco Uio lu?ut to the 
i'xoco ®f tk ih i nxfcefciaj' the contr dtled condition# 
fo r  the ?nr?oso of th m m ilQ ' I  analysis the 
detec t JU *., uvl i^ s s a r is f  eXeseata ©re usually  considered 
as |n z t  of the proa t t e  the blocJs cliagrasi redmoee ' 
t o  t h a t '  o f  f  i g *  ( 1 * 2 ) |  ^ M o 'h  c o & a i& ta  o f' t t a e a  s a in  sm arts*
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f ii*  ■ tli# 'p l& M  or prooosif - tho <&&t3?oi'aotion gei^rater 
aad the regulating unit* ■ ' :;: . r :Vv
***$ or
chilo i t  in d iff icu lt to  irarse a consist i t f i s i t io a  
of the mard '•proecsy*** i t s  morning is  well unitestood* 
t ja a r ll j  i>'# >xrdo ''plane1* .ur«l '+pxooooo* :aro asc-l
sjaai^psmsiilf i ‘but wt mill*; M ilm  us - the naiipmeat
w i t t  m h ie li t M '  p ro o & s s  ■ i s '  c a r r i e d  # a t *  ■■■■ ■ • : ■ : ■
■ . - . . i t  is  eoaeilsrrii^  ‘^ th © t&oorotle&l ■ "/
aJial^sis of a plant or'process to ‘s p li t  L  uj in to  parts
wlUoh i-roiuoo tim# lags* aal to datermlr 1 eV<rr-otori3t ic
of ■tho^o fa rts*  flits#  M.m#: la g s  are s i l l ie r  t r s a s f l a g s
or di.ataaoo-r.tlooit^ lags* ftas  t&e *. T airiour a? ibo
p lan t ©&a' ba . dos&riWd tgr oqu&tio&f' th is  ■
equation' os i &<t* in., v 1 transfer lags can be as 'nmM m  
linear* provided tb fit v e^ourcus* of the* vaxi abl c-& : .
obout %hM p.omi v^oriang iminea are not girtmt* •. .
rcils dXi/'i luacs tlr & ibe dlstur s^nct# ers ctiX Ila ten tly
or a ll to jiOXi'dt evuiierofcj rt of the pi cut at a lineox .
system* .&Mcb is  •>mbly corroct to tho ooonrao .^-. -.
rc q m* 1 la *r notice* ... ■■
** c iiu e f of .■ a istuA aaoss depends oa.thsii? p o is t of
e fe): a ow tro l cystow*  ^ In paxtieuAaXf the o ff  ac t of
a d itft^aao #  on the ©apply-side d iffe rs  froa  that? of a.
dieturbr-noe; oa the demand iMt*' ■■"■ I t  i r  pesMbla to study
t b s  - o f f o o t  ■ &£ a  d iit f ix f fo a m c #  'o n rth e  : s t t f  p l y  ■• s id e  - fro m  - th e  
rorponi #■ of the • controlled' oomdii io * to it§ir§A;v@iiii 
chorda* ■ sad ■ the. offeat of- a disttirbaiic#.' m  the demand 
l i l t  ■ fro®  t h e  r e d o n e ©  t o  lo a d  o r *  ■'■■"■ • . •-■■
gho Control C^r*:r^tn;r or Control lex*
Usually the marl eo n tro lle r  in usoi fo r  d * 
eo'ha.rmlaa of tm  element* the differoiaae
e l t ’.**rw -n l tl it  contro l c* t.m generator* bub .as m-g tart 
comrlne;! the  ise&suri&s element witti the process sM  the 
ii.£ £ cxnnee ©lem st is  considered &lom* the word **ce&tr© i le x ’ 
w ill i t  utL&.tp represent fee control- action generator fax  
s i i v H e i t y *  ; ; '■■'•■ ' :;;-u -
fho £u 1*" u type of v 1 roller tee t o^HSiep- 
(o r *re a /o ffvt) action* tut? the inherent d if f ic u l t ie s  -of 
« o h  disco&tlu’xoua action led  to  - t) • u ^eiogeeut of eon- 
tiiRM5«  action cess&rolleri* v fhe ■ output signal of these 
ru» 11 or a* when I t  ia  proportional to the Input s 5 ? -»i - 
or deviation* i s  ca lled  '’proportional' action**' a sd :wh#fi 
chaaging at a rate rAu« national-to the deviation#"-the- 
action la c pi led *i *le jrsJL m t  ion**, end proportional 
to  tbs rat© of change-of the deviation* the notion i s  
ca lled  ’bleriv~ notion**# •• ■ . -
;'g ''in- j\rcats cs sufficiently food appresi^sticii to the
purw ccfcloao ecu be ofeisi ic l  ^ Ith  rdsgle unaOi
•1gliher  ^ va f ie t ** I* ilia  ©x el to trio 1 * Also it  
is  possible-to gen©rate .the actions i  v lately tmd aM 
tovot:t r the oignxla fxow the' *ro.. optional*. intr^xcl 
aud/or derivative action genxx&iite units*; wit* o*i 
altering tfceir ite.lv lia s! values appreciably* .Steiteex© 
p & a tia s& tle *  # l o o t 2 to  * t e  h y d r a  i i x  p r o p o r t io n a l - ,  a c t i o n  s a d  
lb* and .5** actios compound ooatrollera can fee contracted  
m&  ih tu  i t  is  p x v ille  to. got a lire .r^ h em a tio a l. 
relationship between output a patroller#
fte . .Beguiatlag, ifteti ■""  '■''■■
la. ©osi process co o tro l ayteeoa v re g u la r?c  u n it
is  a control vslva operated pnoircatiucJLly fey % dlaplir^
aotox#'' ■lhe':e o a tro l'vslve has & p o s itio n  of major.
xapi t ? ice ia  the con tro l loop* •sines .i t  i s  'the .i®ste by
■ <4 ■which tht oontroller i s  implied to- the pi set* ' '
Hie characteristic of i i t e ^ te  of teaeli valves is  
the relationship between. valve l i f t  m d f l m  for a 
coast sat’’ pressure drop across the valve* TMm charterer* 
is t ic  i f  I r valve is  as jU 'rrtate ms that' of eiy otter 
elliitfc' ia  the control' loop md 'should be selected with 
* cei&i" care* aad ® its  s. dtevteod atu^f*
tlhc \ Kwti0ii of valve eharrxtarl 11© is often 
referred to el II i t  ws;r© , eaaifela to ©fee sin any 
characteristic re^uitt-d* fe te  th e  v a lv e ®  normally 
available nearly always tova either a. **linear1* or ah
irt©qual ptrotntait^ (sts iia g  >\ehar&et@rlatic*
Having teen a ls it to  & one ra ta  the r ig h t co rre c tive  
action in f  *» cohtxcXlor. duo to a deviation. trisA.ns fram 
some d isturbance*'the ce n tra l % Jve should b© ifc lt  to 
produce a corracpon&ing corree on 1 p^eenta* i*e * 
a corresponding potent id  correction*
Bat ©fell* ib ia t  comparatively &t rrielxtforward 
niter to . aoieet the teat char no fcoristi© to employ tbsB v 
changes in one set of opcrrtlnw cento to i art octa l* 
for emsiipl#* icaired value ohnn e^a at to oat cat load* tbia  
ch a ra c te ris tic  may h&$p$n to  be the  mv&t. to- oclecb fa r
toaitog with other changes jJtch ♦ / b© e :ually likely  
to occur .to the ®itm# plant | for tx^nple* load changes st 
coastgut dallied value*
A it a ll ehen-,o^f i s  the signal froai'tte coatreliar 
will ^misco a change Ax la tlao valve position# whl<& to 
I?, sii^ f n  'iv- . JL. I*. p ro d u c e  a  c h a a g e  a $  t o  t s o H o w  r a t # *  t h u s '  
p r o t o c i n i  a  c h ia ig s A %  t o  t h e p o t e & t i & l  o o i x o e t i o a /
A  %  A %  A; :
*** : ' ' t  % ' i  \^ - m t m m m ■  ■ ^ ^ ^ ^ ^ _^-,g g ^  Jfe-* J
A ¥ AQ A x  A ?  ' .
\  ‘Q f r  - ■ ■ ■ . .
41 a t t  ^  Xaod Ci*e# f r r  eoc** <r*~Xxsc o f Q.) is  .• to^ wcwt»»ai^  •* "r
^  * dctoxsalmd by the proofs m i cannot usueIIj /b#. 
ch: v c&* £#©•* i t  wriea witli.ito .load in a s a a i i  
detitmitod by fee psrco#ss#
A Q
*—*** la dot^xmiaod at #aok iradve position teytto iraliro 
A -3E
^ is  »rmally s constant dataxrined by th@ dcsi&n of 
ZX *1? th* diaphragm motor# -
.Flitting us defimd by -o^iatioa (1*2-4 > ^cpal to Ef.
. ■ a  « ■ * ■tti®  ^  ^ a pro oxiio * I Mod® of o? mol the op~u loop
gaim em  to  put an
(>“l 8® Ik lb ^  *  *■### # * £ * * # * » ;# £ * * *  C i  * £***'■&'')
vJiore 1| is  the p roportiona l action  fa c to r*
fton at t&t normal operating po in t corresponding to 
a certain load* the open loop gain is  adjusted by retting. 
*x to give oftimiii performance*.
ftov* anourdng n etoage in loto fools; place* ttaft
A  <?», _"•'11 w ill chfiJ^e eoxrec^onaiiii l„» and tfeas i f  a linearly
a  4
iralir# in b&tog.mad* iLi*. i s  ocmstaiit
a s
f a s  e l t  "?■©!,t#  p o s itio n s t tli-aii iro n  erjuatlon {1*2 1^/} 1 
thongo &ad to# loop gaita
ov4*> to  ke&s tha ©f>tx loop £Clxi a itk fc r ta t
© o ja to c d l c s l is ix v i  & ts3 t t*& C Q iX g a l*  s. v t f t t w  m u t t  t># 
msod tmxifig a o.te^aet®siatie ®uu$& that*
^  %4 * # $ * * .#■ 4: ■*!&##** ■# « * *#*■*■*##*» C i f  )
A S
00 t to t  fijta tin s r Q ebon^ca ^  sad ^  ' * . . ,v ^  ^asWS^SjJj&^W;. •
A  A %
t i l l  chongo pxopoxta n a l l j  te fp tog  S and eansoguootlj’
^  eonstentf
Iqm iticm  (1* 3^5) ooalA tm m IM tm  us
m* A '% * * # # $ * % # * * ■* * * * * # * % f- f * C I t
whmm x* i s  tfea eo&stant ©f oxfcxossXitgr* A valT# 
eh aro c tril: ©1 fef equaiiom {!*&«&) An vth^ fc in  toaaa -as 
%cpal percents go * vato* h ^ o a a o o *  as s#eti f i§ a  t t o  e f& a t io B *
A!mi per© oil toga As C| i s  cogsstft fox a gitaa chmg#
t o  s *
fhis cb-tracfcortotic in ?<r ettoas nl@o oaiXti 
^logsritljisic^ • 03? »*1 <& o vr?twl^tAe* 'b tom st
a t *  ^ xmlxt f-o iitioa  ©oArenr.ooiixg to  agr xato# af 
Q i s  to t  slope of to# ¥®i?ro c to r^ e tc r i .tie* $hu$ a^uatlcsa 
©oml& !?# w ritte a  ®L$t** ■
*$ It*
03s' Q .«; © o a s ta a t  s  m^ # * .# * * * * * * * * * ■* * * * * ■*■ * #. * * i  a #
(1, 5 ) .~XXe cfc of Schulatir^ ■ • ha
*  V ... holt; on loojy Sy?cliono*. . ■
•'"•'■• ••'*&§ preirione auction has &kom tha t a valve ba7i*c
mi oafoncviiril c h a ra c te r is tic  vmxVl rm i  ^ v cuitahlc? fo r
control c-jotoao llofeXa to load change* i e XiaNrrly
chixtaobarlstd oi"f hut although this E&y ho true as rage:
ibo s ta t ic  fee) tviour of til® system, yet i t  would b e o f
in t t r e a t  toimow wfe&t ”£& tlio of loco of the valve 
character !-• t i e d  being a. i vhwX Inear ®m, on the dynamic 
beh&vietp* u* t aeo&trol
*  ^ cfync&ie behaviour i s  boat siuhiad by tra n s ie n t ' 
respv  ^ v naalycie*. " P tra n s ie n t rocpon/e could bo 
;O b fa te i #llh@r fxoa the fronucney rtsposBif or en * tin  
d if fe re n tia l  e ^ a a l^ n a  of the yyntc';* .
■' Sow having a nonlinear tlru e trt 1 * 1*0 loop* tbo 
ire^jwuey response er.aXyais and tha ico 'n iquoo of obtaining 
the tra m  a i t response fro in i t  uood in  bin ear syotcM can 
tm bo used h a re f
Describing function  ;*oiho&s have loos widely used in
recen t y a im f o r  t!m Investiga tion  of nonlinear coctro l
6,1 $ ■ ■ ■ ■ ' ayntosai' There sxe t&eenfcl&ily freyjunicy response methods-
in  which i t  4a cxasanod th a t the *ytstea bohaves as a 
pata f i l t e r  sad th a t efe the output o i l  t ^  ©e the
input frequency o ther then the fundamental are of smoh sn a il 
■amplitude th a t they can fee neglected* fhos® desorihlag
fu n c lio a  nothoin te r t  been ataa tx te a le d  to  -,obta in  tbs ■ ,
7
IrarnUnb rc *pons@. of no& l^JLneer •., , -
Sprat Iren III®, lim ite d  saem i^ / o f  t!io -;4o0cribiag..;-; 
function  toohaisuo# Uiero ere SiTexxA c* K r lin d tn tlo n a  
to  l ie  j $ r .  iisarple*-. . . t t o -.topettjeaoe.on .a itenaotiea
#£ teissaaiea nof be justilled- i s  jsystpia fe&iria; a lcrwe ; 
pouer ^/eilirieatiDn ietc,n, i  lap ,4 -n l n*? out« but 
eertaislj net true rf ■..%&&& ©leased loop;o o ^ ^ l :^ rstema' 
u;n>l ia  enalo.^ue cornput Inj;* in ;© i t  in  ta ite n  to elapif
tl;o dynoxio ich&vlour of tiro ca rtxol-efstea. having > 
© n arn atie l r®tplBtifi§. actif .fmts t in  trm eio ist r ss^ p itt  
olU ited fio s  %tm.Al£U ec,in  i  equ&tieaa of the... pfiriai* ■ 
n : ;. ffi#f^rf# -of .transitat x i f  tiii.i nialfsiis Chet v m l i  [. 
bn ®£. i&terest to r t  talces #nt of i *,,i fecriits* The fixafc is  
the response of the o c tr o i sf elm 2/ivP:^ m exponential 
xeauXrniap unit to step  changes in  the te iin e d  vslue* at 
cone trait I  - * 41 In aoapanlfan tsdth the rei^en&e eC lit© sase 
nywbm b m l m  &■ iine&r naif* ■■- i t  tsaM  lit
espeoiti* If the slope of the exponential xepilatlni "unit ■
■St tli# o^oatlag point is the mss# tiis the Btope of the
X tetn one# that each resfaaa# m il t# the rnn for ansll 
eliasues in desired ¥atta#t but iiiai ooulf* not bo true fo r  
I t r r p e  u V a , ;> e *  ■ ■ ■ • :
ft® lie .n > eoim rf  3?tifobs©-tiiat > JU b#
o f'in te re s t to Kern i*s v c \  n P  o f ; the coot 3® 3* s |B t0%
** ' l o
hearing m  exponential replacing' maitgto atop ekuagea in 
lord i n  cssgredson * ill the response of the samo system 
hs?ini a X im m  irp la iin i. w&it* the ©lisrnoirrldie- of
an e;p'07i:n titl regulating enio eadloa i t  to countenact 
th# chungc produced in the potential oo a  lion duo to 
loud chtngoa and thua keeps the gain of the loop const cat 
cfc any load* load changed not only change the potoctiol 
correct Ins. tafr ©iso elungo the co of ficicnts of t o 
differential' equation d  scribing the v^aule behaviour of . 
the plant* - 1‘huc* although I r e s p o n s e  of the control 
syoieai* h m im i m  C^poxioatiol regplsting unit* f® small 
iiotnrbrae-ob ©ay bo eracctod to bo iha a 4#^ at a a -  io&d* 
yot the rtspcai# to stop changes'of the load ©a ob bt 00 
taslly predicted*. ■ - ■■■■■■■■•■■■-
O  *«- > Jdxro P ;n : e t i o r a i i  . . . . •■ '
. 'la  d t r i f in f  the differential eguafeioas of tho control
tea hay in x un oepoaccitisl regulatxag u n it* in  n  r  to  
i e f m - m im  t h e  t r a n s i e n t  re s p o n s e *  t b s  o q u & tla & &  w i l l  1 #  non-* 
li& oarduo  to  U u non^liaerjpty o f  the valve ehe J1' a d  0 
Also the;/ n l l I  h# of m  order Mglier than the  accord* 
heceuco d  number of tran s fer lugs of & p lant oro not 
usually  K ' Ihcui U tec, ihct w a ^  tbo rdnimiam nuerer to  
bring the poto&ti&l correction scoter Into it®  th ird  
gr >uat* tiiicii &%®m it® loop to'ho unstable ebssa working 
in  flis .proportional- ootstxol' mod#*'1'*
**• IJL ■*»#■
low lip  problem boaowo feat of tfeo solution of 
W «*lia $ a r d if fe re n tia l e^ttstioao o f  a t fe ** t l #  t t i l r i  
o r d a r *
" fe f t l l  reeoatlyr tho a fe jso t o f TOa*lfeeor d iffe re n tia l 
equation© has lo rn  & bmw h%mtino~>& ou&d populated rfeoafc
e:fOlm.®i¥tly by tm  tsctooiogfet* Ip s ts re lt in i©  methods
Of m tM '-'.j, thcos relations has toon by tin pure
mstii®iiQtieic«i* n fhat in fey to eddy e l l  fee. siittiols kmm%
e s o c ia l ly  few an a ly tica l fo r the solus ion of saalx
era lla n o #  ore only ap^liaa^Xo to  o © u til one fe a t or#
S lm ii& r in  fora tci feosa- ts i?#d  by.fesso mfeo&s*
In gox&rol re  <a&rfet bo troth o-ls eayH ®  of y l t l i iu g  
gxo&t aoXmtio&s #f m n ^ im m  differential a^m'tfeM* and 
fe t  only mwfeofe rv-,i1v Mo nro I t  us© o f appro® !ra ti000*
ThM ieoft of tlia nntltatfeo or sndLytlcsl methods of 
solving such ^qvLo&ivtts at psrtaent in r&feor
lim ite d * I t  is  re s tra in t#  la  foot# to ' l i t  €Lm® c£ non** 
iia # © r l l i f o r c a t io i  o^u^fens th& t y ie ld  solutions#
l#5 A \s l j5 ieo l  Ic th o d i of ^oXuticn c f
7 * ri-w  i p r.^  * 5 1* iu  rv\ n t ! n l  s 1 ^ n i l  0 0 3*
% f * , t /
ISbn.se r otf a le  cnaid b# amiiaiaoiati as fellows**
I* A t.ol ' i dsalin;^ u ife  c r u l ie r o  th a t gro la te g r fe l*  
s3f ,3 1, ithoufc rseou~ to e l l ip t ic  fe m tio n s * ta d
by msi ng a ui t c blit trtnal’ 02%c ti emss„
2* A mkho& dealing tsdfch equations la tocrob ls  « a s ily
■ ‘ (w ith  3mm « « t|) t io n n ) ia  to m s  of o ifeo r Jsco liaa  
or £cfe»hr\ 1 e llip tic  iw m tim m *
Approximate periodic ■ m lw M ^ m  b y ;
(a ) sueocosivo ^p rasdya tioa  ( ite ra tio n )*  r
'"' (b) per turbot tea' iirtisM used by Madsfell aiuiteiaii®rff 
{0} aanaeiiBg a Fourier aerie® aM determining early’
■ uotefteieate therein*
4% xpproniuete ptiAotie gelations# cuouirdng Courier s t i i t s  
as tesoi agon theory of daihieu £1 rations*
5t IppOTclmate p e rio d ic ' s s l so lu tions I f '
iroffxol o f s ia r lT  ?aryi%  ’ sn& phcco# •• '• •; ■
€* l>c r iv in g  the t, i r fe te te  lin e a r ©qu&tio&s# :
hone oX tec ■.n xaO If te deal with ciusifcioaa of orier 
*J nsr * un tin oeeaai orter*. acid r. u tly  'with taaateoas 
V\ * h, \d  periodic aoluM oaj scid te w  *, cj  could net h# 
applteS to our e 1,1! xn i ts - j  ftisro tru* tent reap arises t§ stop 
function iajmts are require i*
flius m  could co&a to *N conclusion *1 i  amil/tioal 
solutions to  smr « matin *, mm .* a n t area If .
pooaibl# %'sOuH hn so- m a i ^z tome teat they becosso < * * ro&i 
practical m®* tee typo of stolutlom wasted mm teas© from 
which the rot# on 30 ciuv* 4 could bo s .a lr s te  uo that th#y 
could be compared with curves obteteK 1 fits a tte  tauivalcnt 
linear ©auntions of th® ooafcrol wjl^ >, a. linear
regulating unit#'
a . sm u ric a l so lu tio n  of o tiu ttioa
i s  a probl i1 xch' fess tugagM tea a tten tio n  of - " ■
s a t te m a te te & a ©  f o r  m any ■ y t a r t *  : ’ i t e e ^ n s  m e th o d s ' h a v e  
proposed# $si& como have ac tu a lly  lcse ivci. .arte ic s l 
I on the wholef terror# there appo&r;* to fee no"'
f©@U p.
autteorii atlvo o 1s t p %: m ; to  a ■ t e s t  tm tfoodr or tvea ’’ n ':
/ x
sa t of ouch Teco-L*nld m tea t e  • . --a -••-
■" • tipm tsm is iag . tti# - li te ra tu re  m find# f a r
i l
te a t  i  t t %  j r  c u d  P o h io o c u  o n ly  on© w t h
solution 'C  th a t of fucteforth $b& Mims) sad s ta te  t t e t  -
Af
t h i s  i s  tti.# t e a t *  On i t e  o t t e r  h e n d , E a r t r o ®  m akes u®
m e n t io n  o f  t h i s  m e th o d  . a t  rll* & M  a- r e m a r k  i® tri<o •• 
Kr Ills# *  s i though i a  a nor# T®&mt publication, te  ■pc-ints
out tlmt moat noihoiu in  %fm aatero ^'modification® 
of tte lusIrfortteMoas process*
In Kiuny of fte  fin ite  difference methete of solution 
i t  |.a sac ccnsury to liws ©no or more values of tba solution* 
and possibly •of- i t s  dorivutliros* m®£ to ite# storting' points 
Ttes# art usually te st  „ot i* i by & ps&oes# rather ’ 
different .from that used ia  the remainder of th® solution# 
.to. in it ia l ^proriiaatt solution is  usually obtained 
% roes3 of a faylor sarios ex .v . s to ,  wtsiat*. la ■ prof e»®& 
t# otter methods* #*§* Piccard m l rungo ( 1 ^ * o a  an idea 
oxlginclly dn# to tulex ate Ima boo m tended by 
miti% muh asu riaggiJ#. fli,@ 3?ayl®r ooasi #s appro a®!i
■"*** .14 : ^
ie  laoea co s ily  applicable * * is* fu rtte x^o re * re a d ily  
attended to  e^uatloTO. o f b lg io r order ...then tee. f ir s t#  ■ 
tee teyXor t " r im  is used lor.increm ents o f the =■ 
indepothtet; variable - ©nail enough to, make. fee ssri os... • 
conv'zgo ra p id ly * au*i o f te r  .feus © itte teng a few# generally 
four*- value a u£ lb© funo fciaa*. the s# fu ro ish  enough data to . 
cmztimm  te® solution, by .the iaitefsrtti aai Mam method 
or. i t s  tiodifieatioosbased on formaln® belonging to Id 3 .... 
oaloulua of. f in ite  .difforomss# , ' ....,■ .; :; > ■
dULierlortl solutions arc usually. tedxoiw, m rni with ■ 
the rid of colcuXe.ii.nc vtehincs# as.e d a lly  when tli© ., 
aqaaMess are of . order td.gh#r thi». the ssasiilf -unless . 
e i g i t - r l  c o m p u te rs  are.. a v a i la b le * .  i v e n  t e t s *  t h e . t i m . o f ; -; 
progxcird&g may. not be inconsiderfelo* slfeough .this .is 
immaterial i f  a largo- of similar equations are to
b e  solved# ;■ •..■ .
. 2a t l i i  tfcesl#-. a numerical me £hod 4u# to fu a ila  was 
found* a f te r  s lig h t rie.Ufieo.ticn*. to fee the beat fo r. fee 
solution of ©nr■ equations t© t  M |j  dtgrn® of occur 
iteu t the m 'tk ..being so tedious* ftiis ©o~G&lle& ■* 
.series'* method is  fu lly  4c cord had In Chester 3«; •
1 * 7  is s i. ..■ v ■
: ' : i t  mag fee e f tetsfspsssfc 1w ins'to 'assfeisa S »  phaaft 
I
plsae m & m M *. -,. .ftusss pleas sa stfs ls  a sssitbal
«f @%si^ rlag H&«> beJiss*isasr <st ssj-sf stea* iii}ii«' l i i» t 2'- e® 
»sa«4 i i ie « f isfeasft w>tt.«& «*as fea tesssiM f fey' as ss?4lJtft«' 
4i£fereatI.Bl tqaaSisi sf f i t  fiefjenil : ®ii#
i s  ssecjad m 9m ■ eysteas M: ft tsssjaf llsl%a£t,<Si its, it»  
efflieeits®  a# tt* a e tte l o f gtteljsis e«i*s»| sy®if»% 
cltlwush recently tlio stu4/  feco been. estcs-ioa t» th irl 
s r is r  sgeim s %  fpsosstisleiat j,s ■
§‘*4 imamime& sfes# immsd e f  i*»aiawsioaal*
Sets# ipsp titea l sssfiiMa bps use-1 in  tbs eoastratotioa 
Of gMttf# jsorteaifeSt o«$* tM  is o lln o  ( lin o s  o f tn;ual slope) 
rv-tfao.l is  n esftve.siori- as t w  c£ c.olvl v. ? my cos> s V s r is r  
a<sa»lii-enr «jtaac®ftas* ilf fa r s is M il # tw s!leas e£ jpp&aM® 
Wisiilesttsy than tis i€ i ftiss bo hasfilis-i a u a ly tM ftilf
ia  the  <Jho3& picas*
m o thm  geapMsia, is  th a t § f x4«aa»4*
fe -sg o c& e l e s i t  a t  tb s  a e r o  p a m r s t  s s i s r t i s s t i e a
Of Jacobsen,
isapM esl ee.asitimstisaf lis a  mmmiisA  is
■|«a,eaa s a l is  3?sstel«te4 to  §#<®siwisf4s3* 4 iff« & « s tis l 
# fa « 6 i« a  { fiassl^oMis stw#ioB« b g ia f m  m
spuela l esss),
/I 'o m  ososli isot fa i l  to «asM«! A m rtm m M
** JUS ***-
i  cc' «i v t e  cgr i lJ te ro te lr  1 m & L y c & v & f ' 21
t a t  fdfcteach r t  ". t iVsa feir; t.sonu rite
d ifte rim t te s te  @f t t e  sfe-aiiti
fey n a a M g w s  - O 0 i^ & te w *  i t e  . o f.-.x ’t i in l f e s  t e a  to- t e
c t e t e t e  A fatticte of' a t e f e l t e t e g  i, ©mp-ateor i t e t t e a s
I t e o - t t e  c r i g i a A ' :  « § t e f t e a  t e r  t e i t e M t e  i s  t w a l l y  ss&do ■
f i t e i i t e t e  fef t t e  p roM «, of te f ts f i te  : ■
d l l l t e : / t e n t e r *  • . . .0 # a p s te te a  te ,  I t e c K r t e le t e ; t e  e a m ite m r
io l i r fc te tL f f  t e t e t e  t e 1 '
£
p r t e i t e i  t e t e  T a r l t i c t e i o n s  fe te  s a te  ie te ie ix ir & fe ie *
*  n u t ; e r a r m i a  " w o  t t e a e  1 t e  4 0  i t e r  o ,  t e a l x i
ilrja etetectefe^ - -■ '
■ - c r i e s  S u r ^ r S c n l  h c th o d
h d B E d S l*  ' ■ ; >; . ' ■ ' '
■ m  tbio chapter the  ttoe m ^ im  m -thod
briefly i ~ cloned Sri the prcvl ~ o  ti-m is  iu liy
dessrilod* H o  &ai ;rc& a:Ul#ifef '
tiuihhorco *qad the d o t i  v a t  io n  u c£ a & 1  iTorcatiatir^c a?id • && v ■
ilt itE i'e iiA ; o,)a*i'w r uxo described*' ' 'A-  s t t  of1 a s itfi £ & &
%x z im plication of ihene opo^utorvi cxe xoxxsulahod md
Id a ir application to d iiTcraut tyeca of functions is
I h o  obapter OwnelUvk-a with the m M tiom  of
lin e a r  &M n o n lin e a r d if fe re n t ia l o qua t i  crus* ;;'
(.py^ra! A*ut^ro c€ the . f'othoft_»
■ ■■.. M  thus Pathol tine fatieiio;^ si?# roproswted by Its®
uf nuhbera fin ite  tM iKdthts oC successive equally . 
epsoo&. ordinoton* Cuob acts.of rubbers* represcut od by a 
siisfjji afsboi'oy jrtgfrdti sa siagl# aBmiti^piaeoi1i,m^ bO'3?S|. 
i  cr bo ir^ ltlp liod ," divided* M itd  csr m M incfx&  
r d le s #  ' s o '- 'td m t t tm  n u m e r ic a l  l i s p i i e t  U m s  o f  •; a n y  o p e r a t io n ® !
ig
equation any b# %  tdr^ei; .ealem liiti® #
f lit  m U * ®  Tor cov.bloinf, suett M u ltip le # #  ixairlers 
n »  found to b# mb&fcootlolly Identical tiilt  fchoao of
m itip lic  &t ioa v e 111 lion* &£$**. of £ocir&L na&bers
IS **
Slid. &  S? ^ $2^  f  *b g  f  "b 5| .*• # $ #: ■* W t  O* )
A # B  «#■ ■.- Clfe  ^ ♦ C ^ j  ^  ^  )  t  » * t  s t o *
•gS;-i A *** L C®^  ** ** ^2  ^ **** ^‘^ *
m  oas® o f .im ltip liw  i t m m m l * ’ t  i !  im ltip iie c fc iQ a  
of ths s ttife l nuiascr tr -  %  t * ** «* # -# c-tc#)
b y  t h e - n o - r l n l  s a i s i  C I *  5# 5# I  )> t t o  p ^ c t s s  t f  
tmlta.plte a tio a  w ill l>© tho ecsas m IV  fc of im iltlp lp in j 
fev*o decimal numbers aa i dona m  follow st
%  * *2 * a * ■* ia a * 4 *
% $^ ^2 # * ** * *«* * * **####*P^r ^ ***
»50a*a* 3^ l - l  ***
; % ~5’ %**2" 'i # v  ****** *
add ing ... .... . . ' . a .
fix# nth ordimfo of tV  resulting -serial nos&c-r t i l l  to#
%  *  ■* % * J  ... a / fe e ia g  «  l t  2 t  3 # . * * * *  e te *
_ la  the oriso of dV lsios tto. proo-esa is- tM  a ana as 
ordiaax^ ^ n th e tio  d iv is io n * fo. i l lu s t r a te  th is  consider
as a siasile cradle th* division of 
(2* 5, 7. 10, 6* 4, I )  ty. £JL. 2, 1 , '!) "
(2» i* 5, i )
*-
1* 2, 1» . 1 2* 5* 7* io* - v y  I
2* y .2
l» 2.' It 1 ■
■"' " 3»: 7, 5, 4
;■ :.-.V' : i , ' v v :l
1* i
Th& reauifr btlag the eexisl aumbeir (Sf 1« %  t )
Aleo the; o^rctor I) «m - be replaced
by m multiplicative' o^rstor in. ibo s:m>. way as. i t  i s  
replaoed % s"eo®pl« multiplicative operator • ' :' •
S iV *  j w : in’ iheka^iaoe TzbX&tom isathod*--- • ■•■• ' - 
■ . f tmm seethod ®£ eeleul&tiiss. the
time fus&tim off. response am  : i  s is  essentially in &&rivl*a§ 
t o n  th e' diiior^atial equation of the system* car th&trrer 
‘v:?cr3&:;at*i 03? et^ar'data may b@ a¥all®blf* the eo~o ailed 
"rctmc^'iea eiuatioa** -fey *h i \  ®mh of' &" ee<p,mee #.f equally 
ep&eed crAiimttsr A# related- to the Immediately f«s©tiJ3§ 
or&in&tee*
** ■ ij&Q' ■**>
* # " . /h e  , fttfferer»U t 't ir-z  , toaxstor$
Ml f(t) %t a function of l co&tinuous- 
dtriv&tivta of e l l  orders aM l e t . v .. •
f*>t * * .* * #*#**$ #t0-f
ho a, se * ju uwO of tslues of t a*s fuooiioa teften at m 
m q ^ a m a o i  values of t f  ^ .Tallies betog grated
by a coujtonir JLntorVal a *- Then ftii ** ** 0 0  of f i r s t
■Illxbrc/xecc ia aefi * , by . Wm rtlatios .
A. 3S: f  ^ fg  ^ § * * * * * * * * * 4 * * # #• *■ * * * * C ^  * ^ **1}
fht differences of th i g 'uc^c ** itoto difto^usoeo Just 
i@ftoed are called tlia iteand differences of to# oriitoaX 
atfutaee# .: ~. -■■■-.
flius ' :c ^  f n & ix£m i  m£>£n  #■■ :ffeis a m  bt M m m M €  l§
d ifferen ces of any order#
too symbol A  ' oasi he e t o t i  as an o/#rrio^ to ic li  
oram rts tto  acqpuo&oo f  in to  toe  sa lien ce  of i if fc r ^ m e s  
A -£uad i t  i s  tr* * to as the operator I) « f
■ - j&othar u sefu l operator' ia  1  defined by th e ■.relations
■fe £u - §& ■ * * * * ■.#**##*#* # # # #. * * * ■# «Ito * ci**2 )
so th a t ■ i  t a 4  = f a+2 » e tc.
toon <2# 2*4)' t n W0 get the ■ 0 * national relation
 ^ ** X  ^■ A 4T« #-#.#**$##.** $ U * * * * * # ,*: * { :^.gj (£i*»3 ) ■
\  Sow. fts the values oC fuaetiaa £(%} sr@ at 
I ta i- ’ ty.X a ~rt» .fbsa (£»2-2) esald fe salt tea as
I  £(%) »'£ ( f  + S } ■ ■
Thm. u s lu i toylorto asoumiag S' small enough
to ensure eoiiTtrgtaee.. ■ .. .. ^
, * *  S  £ ' (  t }  m  f  < * . +  £ .  } . *  '*■ % f  » * »
•■■■*.. C •.« t) : \^ (I 1*- h D ir <*»****>^ '■# * ♦ * *■ % * ): * I
. . i  t l3y*. .>*.<£- Tj<S»
$  I S  's®: X  4> ^  J )  1¥  # * » * * * *  w . ^  *  *  #  j| #  #  *  #  % « f  #  \  «*<*■
inverse mlation ilt ls f  .0 in . teas of I or A it
J> as *Js* 100 || » i  itg  (1 -t A)2) *
 ^ **i £ &«» )| * «•* A «* J\ A" $«#»}#**
I t  i t  a s a n  t h a t  &  e s » ! h a  e --ptsadod h i  p o w e rs  o f  A  b a t  a c t
in powers of 1 or E * Because of this it Is isipen®
to represent If tEactiy as a tiB>e aeries* It is* however* ■ ■
possiMo to tolitftia a^pro^tmgti-ona in the ia m  o f  rrniiemsl 
fractions in. ® iliaae ©mansions in  powers of A  agrtt
with equations (S«S~5) us far- as ray arbitrarily chosen tfnn#
%hz simple t ©t those has laea. dtrfiod by fmstln, 
without T Q C m x m  to  finite dlff etc, 10# ogtrator ♦ 'w f o i l  ©mi 
birfe §' & Cf t^ f|# t fj* >«** **-* tic# )
ho the ordinate s e w s c ^  o f  a time f  b io *. anil l o t  • 
f  S <-£| * 4 * *J £*s ^  * f« a e t c . )
ito tlif ordinate oe^ ae&o© of Its derivative# fhoa
over to o ' IM er?al o {n *I ) *' sad Wm n
oril * to the aver age vaime of th e ’ derivative is
(to  * f**.*)/£ "'toito follows to© ordinate s t r l t s
fl*  ■*• I ) i / S  * '. I to  w? 0  yto to# value® $  tk
ia  \ f  ^ tolto'form a to# ordinate'’aeriea
( l f I ) ! 1 /2* "denes fox ttosa to eer»© >md 
(1» ■•1)1/'}'»» " ( i j l ) F ,/2 'i sacl &a I) «= f*
**« B ® i  .Ux-«U.| * *****,** # *« t,#*** £2* eWo)
2L.
, , v ,B*M* Ijp/i* la  M s ptpcr .riboufe finite© d ifferen ce  ......
operator® Butov tha t this, is  to t  ..time, series t ^ i v a i t s t
t© the operate'* . ■_;: ■■■■■.-. - :
H I *^1,. |i m „ &  . ^ A # a ;f # # ^  # #.»* # * # # * ( 2* 2*7 )
* I . * ' . •' .....
and thon exiting th is  as •••■- ; : '■ to w ,v. .. ;.
■f& & «L ***** .». y*(/\ -<m % A** || * ) {2* 2**ei)
3 ■ ' 1 >  to .., > '..X.^-jiA ;.  ^ •■
than added that thl®. a rre ts  «ito .equation (E#2~S): an fax- 
as., the.: tam  in  A? a&4 ao eaa to used in  gm#ml oni jr If  tto  
differ.acc# off tin ta^towiM; operated ©:&'.are nsglistol## 
.But vto#* v !i lying and- (2*2~8)’.t© d ifferen t -■,-...
m  .will, t o . sava ia  the a@s-tio% .h&ej.do not
give t  *v ©aia €,nwvr uulesa they.Both. f l te  to t jp-M t  , 
©aswer:*: . Moreover. C2*2*8} i s  fo sse  d of. forward difference®
vtiioii t sltoe :'iato . account th£\oottlxag. ordimhea , . . ;
^  £*x ** n^-f 1 '** tooreas 1® aetuidly .■
derived from ■ the- f  o»o l* i ■;- ■ ■ ■ ■■- ■=
f V *  f  l f a  *  t o - i - *  "  f *a-X • * ♦ * * • ♦ ♦ ' * • { * * • - 5 ) "
t-hcro £’ is  the n oxdin&t® e£ tfes atri’smtire, is  sseaH
ba be ■dependent on tho procolinj ordii*~*e* ‘" "
At' the f ir s t  ©rdlasto position# for ■ example*
^ * 1 ** *" £ * 0 * * * *** * * * # * * * * * C 8* 2*40}
i*#*.ifi calculating the 1st orditete of to* cto*v bive ■ ..
the &ere ■.ordinate of-the tm c t im  m& i t s  derivative are 
tston. into account# Mi* eslculotiiis to© le t  ordinate 
of to# derive-11 vo by (2*2*8) Baas aot ti&a into aetotsife 
the Z€vV ordlnato‘of the fu&otioa# but t coming ordinates* 
fhxm (2*2*6)' could only he epplied to function®" that ' 
have a^ro in it ia l slope bt©as@% as it  is  operating; on 
the vrfiliiof&o of tto i* < tlon* and f 1 is  sot sere# -then 
i t  needs f  * and £* * to calculate £f « iM  tton it mmM* a *is, II
f .  ^ and f  f  ^ to ccl culate £* * and mq m* ■ Um in itia l  ***&* ■*«&» . **■
value of toe function f^-mede also- to to teowa# a l  if  
not s«ro it  diould fet baton into account in osculating ill© 
iiit ordinate of to* derxv uve ( f  ^  is aaeumed &ero»)’
Also ia deriving (2*2*6) it  ms m m \t&  tti at the averagt
of to© to iv„ , Sv© over to© iiaiswsl S is (£* ♦ £* 1 )/2ifci
which 1# ©aly true tot a the derivative la varying Ximerly#
■': .:i*t* the 5*’ differaacea are %mm or negligible* that is. tbs 
only emjoa thing t o b w (2*1*6) mud (2*2*S)*
f h® 5*^  difference* to mmMm negligible By. taking‘S 
small omm#!* elthoujh that is  m%: possible sear t i e . origin 
ta l  ifcu* errors are inevitable*
nm u  it is ..Bam from tto lit?a .tost to# .serial..operator 
(2*2-6) ■ could only ,.ta< eppiito, to t^ a  i r l f. to fun-iiov* that 
havo m m  in itia l w€Lm « d  si ope sad negligible 5~"v 
diffwonoe*,?# . . .. ,
a© rtoiprooml of tMs operatort i#e* 5  ^ (1% .11
-B •--•''A-®'.;....®,. ...... .-;2 ;.- c x ^ a i#
©m dm© bm ussi, for. mmcrinsl- iiitofpEltm .the formula 
aiailex to (2*2-5) ia
: f 'n 4* (£n *  %»*> *'f a_.i **».»♦•»*.*(2*2-11)
• 4  Jivshero- £& ■ and a co 2 0 iatogral# of f to  function
up to the msi|  (s4 )^B rd i.im t#  positions 
m  vto lo t ordir to *, oaitlon# f  or : • ,'
,.'..**^ ' ' ' c ■ —1. ■
. : ». . | .  (%' .♦ f e) * f e ; ,*,.***.*..,<2,2-12}
As runeiiaii integration 1# defirlto* i*o*-.e^criod out. ,
toimea, 2 .lim its .is considered la ro ias i t to  in i t ia l
Vila# of to#, function .is-to  Bo ta&oa-iato ■ aesomat i f  ; i t  i t  
■not'boro* --Also £ m m . C2#&*11) tbs -we&.totwom tto 
l a i  f&4) -ordinate.is.ooaiiclartd to to equal to  
,. ( f ^ ; *. which; *nly tru# toaa the : function i s
U ** sP^ d if fmmmm wo or negligible#
■m- t11^  dificxmncc® ctm be'mde-negligible''fey'taking & 
enough# to t  s t i l l  they <*11m ot i t  fttgligifcle near 
the.origin# '■ -';h " ; ’ ' . '■'■'"■■■-■'•
%%m' the i^gr&iing ©per at or could only’ be ^  plied' 
to lUKJfclrss t ‘ a t Ikvo sera i n i t i a l  valn t a a d 'to g lln ih lt 
2*^/difftrencoa# ■ ■ d  ■ '■ ;-
2 * 5  A p p l i c a t i o n ' ' o f  :t !a #  o p e r a t o r  ^
cart i t '5 rmiprnoni fc> various \rooo of Bootlono*
1# Functions with mro in itia l value and’ dope
negligible 5 all feu-see ss . . : , ,
-■■■' ■ 3
§he simplest of those is tha parabolic function f « t
✓ ©laving ca ordinate sequence v (  1# 4f 9* IS ***#otc0).*
Multiplying it by 1/ho operator £ ' iAjujmki resultb in.. . . .. . . ® .fx 1)
2. £ (1* 2* 31 4 *** tta# )t but dt1^ "* 2t # which gives
• ■ * ■■: , ■ ■ dir*
the sas# ordinate seaieneo at t  m ( l t 2# 5 **# etc# )# 
fliua the’ operator i^ve© enact? result la tod' east whateverP ' SU. ' f . 'the value of  ^ufelf because Ihsfe difXuwitcs am 
J2s© equation (£+£«»!£} gives it# sam# result*
Apply 1 * , Che rm lpoc® ! of 'the operator to this function 
r*w ixt in * * * l.#5$ 91 fi*5t SS #■*** etc* )#
in tegral o f bf* is  b^5» wMcti fives the ardinuio sepKtoe 
 ^ 3 ■
to—. ( xf §t 271 gp **.**, etc*)#, . It l i .i t ia  that .the result
P ■■ ■
i s  m t  m m t  b e c a u s e  th e  2 » i  d i f f e r a  a r #  i t o t  s c x o *  
but begins £ small mtoiia the f«xs«atsf# ®m3? diminish 
' **ju^ 4 yt because to to «i£fr§ to# *, * d ifftr tli# # #  Jt^gligibl#,
. i f  the 3r  ^ differences ex# me itroaa  in  .the function 
f  p- t ^ f o r  cx.^pl#! I1 t tpplying too op* # tor to i t s  
or tl? 10 sequence 1# b# d*1 • #*# ) jmsult® In
j g 2 (0,6$, 4» 8,66, IS , * , ,  e tc , }*  towfc
•-■j
gives to# ordinate sequence 3S*Xi# *f 9# Id **.*# etc# )♦• 
fht i®-seta to be &ob.#8&ot* but @itM l i  mat# waasy
union nearer to the exact e&«m* by tak ing  $ asmil*
Applying equation (2»2~S) gives 3 V^ C 0*113# 3*§to 5*53##etc*}* 
itoB. i in d ifferen t fro© that obt^im d by th e o * x
I* ■.-functions .with asm ia i t i s l  slot# sad n tg ltsib lf  
to" ditto renccfe tat not rex> in itia l v,lu3 -  
consider aa m  atmpl® tim  £yration f  ** c$g t  with 
srdiaefce cc-iuc noo (0«593CQ* 0*feOto Otototo* 0*92106* * *©fe#} 
taton at 5 * Oil to nok# toe 3*  ^ difference® n#eligible* 
ffeltt 'function fens & w ily  or&n&ta a H  » 0* bM  m  essplaiaaA 
In  m ih lm . <2# 2) i t  tooall to totoo lata account 
{ e q u a t i o n  2 * 3 4 0 ) *  t o l a  i n  t o  is: i n  t h e  f o l l o w i n g
On'mulllilyito the G*di&ata m ^xm m  of to# function fey 
the operator- r  # t « .ra lly  m ultiply i t  by <1* 4 }
f i r s t  and to m  l i v i l e  ly  (I# i)*  fliwi toun multiplying 
by (If 4 )  i?§ to ca ll subtract from the res-4  ting f ir s t
orUoata to# value of the arllsatos i ft* unity in, th is
©as#*
i s  dilfcromt £ro» that obtained % fee operator# :■
; :fo finm fe* ; integral of this fumsticm hy mi&tiplyimg
t&- t&km*' l*e*: fees m u lt ip ljia g  b j  ( l f 15 wt feould add to 
t%m liret remitting m M u i k  % t value of fee fmasstioa at
t'.« Of I1 v-j diirM# ly  ( I f -.*4 }■■&£* seem fstna tcpirfeiosi■• 
£2*&»12)* , ttiis reoulfcs fefem orM imtt science :■.■■..■■■
as fe# c^iisafe smptssm of ofem true -fefeipml:(sin t)*
: ' .:4iLtvror,afi hut discoatiBaoas-it't w 0 '«*■■ :
fhe siapiost of' fees# fee fumotion F t ti(t) whose
ordimafce sequ^e is V{if .2* 3*- 4;:***#--.ate*)* hultipl^ja^
f e l i r  fey f a  I w j u f i l  ■ ■ r e s u l t  m i n  f e e  ' , $ r d in a t e  ceou em ce  
* (I, I  )
|2t 0* d* C) *#*,« i fo*) \ ife is  mot the ardLmata se-qtieae© < 
a tmlt step function* tbs d«S.¥©tif®.s .fellt apflying 
( c* resultm in <1,'. hf •■ if # * * *.' } m,%h' ci of
ualty si I.® 0*
Its ordinat© i *cc hy Jh {|.f. 1)
2 ’ (1 $ -**1)
the aase proa&ufci0&
etc# I ■ fe ife  ia b# aiiy - fee- sas®
wife zem  in itia l vg&ue; sad a#fdJ|§JM@ d
0  -***1
tod mltipiylmg by; fee »cipro0©l of fee operator
results in { I» 4» $* 16 ***. «t$, ) wMbIi is  
ordinate soguaaet of the iiifetps@i of tho ftmatiom (f "'./p> 
at t * S(l$  If 3 *> ifeatwrrcr the vcl-uo of S used*
ffiin i s  k e ,  j m  th e i n  ^ ie n  has 2 3xa inXtld m l m  ind 
utro seeeBd flifferemoes*
for tsa Jifferentinfeisr, operator S (It **1) to he
f  ( X T t )
applied to mife 1 *r  ^less"they .should he a; proidmated at
t * 0* it «eala m m  riaiseaslalt to replace the hrotei 
part €f the eurre by a oortinaeuj ore teueklrm both ilia 
tiiM exin md the fm m tim  m  in £i§*(2*X)#
siiipltst term tMt ©pf smimiitiBg edrre &m tafcit la a.
icaetl;
par&bolis form# Thin is gsiiinired b j  csousiag the fiiifie ta^’
to hme &a ordlreio •*& t & 0* Multiply ins feis by the
operator < #*<!$ {©*5? 1® 1* I# ©'to* ) iiitii the 0*5
ordinate 4 I » 0  dn«k ®o«M be t * p, us the ordlmie 
seqptae# sf -fee mit step fmnolicMi feost fhlu# at t ® 0 
is racertaia*
■ fo illustrate tiie efficacy of' Ha in eppxo&imafclen 
eo&»il~r its f&plicrtlon. to the fumtioa f » ste t u-(t)
*V-~ ordinate mcr^Hco is <0*0^ 6*5* ,0*1 j7* 0* *0552#% etc*)
with <) * 0*1# , ®n assume the to ha?# @a oidimate of
k % 0*0)333 a o*o;3P)u at t n o uii them multiply the 
oral ante ©e^ uenes dttti the stro- ordirat# by fee operator
PIG, 2 ,1  The Approximation to  th e  S lope F unction ,
PIG. 2 ,2  The Approximation to  the U nit Step Function,
** 29  **
% l i l l  in the ordlifimtii mqu&m® ■ :
(0*4992* 0*9 #-'0#9?86t • <*#95-** #**#t0*) mlth. ito' 0*^992 -
erdimiits a t t  a 0* low the $:siw tlv o 'o f  tho function
nia t mCt) in u(fcj l i i i i  Imis &'stop oC muity it t :« 0' ;
aad tfy®s th# ordiiiat# -a* «Ith  ^« 0*1 as : '
<0*9950(1# O*fSO0?» '0*9553^* #o.«ic*)- whteh l i  ftofc tm tmm
that obtained hj tbs §p«m tarf tho nain differoso* t Jh\$ ' -
ths: stro' ordinals ilileM. was eiiotil&tol to 0*9 s i  that 
ooftld ho tolcm os represeatiitig iM unit' step'- at % *. 0*
■ la  cas# of In tegration  th is  Is not :usaclt ■
end tM  i*eaipTOaal of the-'operator oisi M - tp p ll td  d lroo tly  
hseaaa# the  t s a i l t i e r   ^ for i t s  mat sr#  s t i l l  ■ satiefltd*. -
#* Stop Funafcimxi** "
ttm a ir ie s t  of 'Hits# is  the m it fusstlam nzkmm' n
ordinate ©ecpenee i s  1 **#©ta€}. with the .sero ordinate
TOOsxtaia# I f 'm Multiply th is  by, th e  operator $
■ ' " " * '{Is ■ 1}
wt g§f the er&lnete:i x s  r  {I* «4» .1* *4 *»* e tc* )
whether the sero orila&t# i s  - ociagIdt^ti: as &mo m ** it?*
The tru# d^iirailw of a nai%:"st«p i&mtim is  the unit' 
iiapulse 'function-'iiitii ft tini-quo tmliae of Isf laity at t a 0* 
fho imit st#j> fuaotioii |u®pi from Y#ue 'is-ero 'is-unity 
at t '■« §| m i as tla# loast 4nicrral :'#t timo t h a t 'the ©porator 
ern do# • ndth is  S t then this Jamp- Is to he f ir s t  mm&$A 
to tal:® a'-tiais » t>^ f :aa4' ao'tfee ■ function has only ''a slops ■■
fit t  m Of then it-., .-should-he aaeuw&.&s starting from:-..: •■- -
c sV* sal eitaialiig .tlia tm ity /vsduit- .at t  » ■***? * .'thus having: e;;-:-
a .value of 0*5 s i  $ ss-..0 l i e 1' agrees vdth 'tho r a o u l t . ;..
obtaissad In e#euiatii*g the derivative of :tti# # 0 0 0  famtlcm 
rdnve# ■ 'Jllso i t  Cio'xIk* *» os no-disaoaliattltif sg . thus i t  Is 
t*. p rm i mated j^arabolioally  ;&a ,sliow.es In 'fig* C 2# 2) .-.i*e* tit® 
ordinate, n t t\«* ~ e.oais 0*125 «nrl that ah t  » j  « 0*B75*
but. .the -ordimte .no^u^iao iv&li .'be -(0*5r 1* I*- 1 ■■***■ .ate* ) 
with .only the 0*5. ordinatt ©t t .«- 0 ooa^&ersd*; ., -: ; ■
If  th is  ■ <®e?disato stqmeiio# Is  now- m ultiplied,by i f \  . ;
operator-.A - tM#. rosuite in  (k..O# 0#- :
?  (1, 1) ' ‘ b c
with the g  ordlnat# at t :» 0 idling s> 3*aol-X ^preaches
tli# inf laity value .of;, the true derivative, rod if it  is
m ltip lie d  by fee .eP«rst©37 |  H ^ ^ ja  , t t i3  JCjjWs l s ;'
: ' ■ ■ ;■ - ......  #  (1, -4)
^  (0*25* .1* 2, 5, 4  ,»*ete») sliioli is  fiie nppraKiMsfcesl
ordinal# *oo fo r  :th# alope funotion with 0*2y ox&isaie
at- t'v -o  tafeaa In mmhm  3 «dswe* -; - '" ■ -
■ I t  should b e : noted her# th a t fo r  © .u a t ion Ci.*2«*8) ■
to give 4: an the derivative of a -unit stop the "•'
value of the'fuao’tloa' ia-to  bo masidared aoro a t f  « "0'-.", 
aKV* Y using £$#&*&)_ to get hv darlv&b.ive ®C.. n slope-, 
fimotlcm result #4 I t t ’tt value of. unity -at V» O' ntiicti i s  a 
eost^ Uotioa* .- / s - .r  ; ■ -■ , ■.
■ Is lXluatrato .-the- offioasy of lai# p^ro^ Imatfioht consider 
its- rt ^Xiaatloa to tb© function t  ** oos t u(f} ?Moh L* a
mull step ah t  &.0 m l then ©tort with nmo-,#op© following 
a ediint livustion* -• Thus' considering the ordi&at© cgi not 
o f  t i i l s  f u n c t i o n  m  ( 0 * 5 *  0 * 3 9 5 0 0 ,  0 * 9 4 0 0 ? *  0 * 9 5 5 #  * # * s t c * )  
I© 0*5 ordinate-at- t  » % .tlsa imltipiyibs ;!b s%
#■&  result*# in the or Uo&t* senue&c©''
S ' ( i f " I }
(  %o$; **0# I $  ^**0* 194S* 0^* 20S * *** uto*). with the 10 erdiimte
r.i *. * 0 which is  ac tu a lly  4-‘ £ S. being taken * 0*1)6>
as i^ n tm  fu ^ tim  a t , t  .,** ,Q* . ; ^  : ■
derivative .of..tb ia  fmnctlcn is  eos to u(b).~ aln I. u (t)  giving 
th®..or »ir ..X^ #- «*0* 039^3* ^0*l3dG7t ^^#1^5550* *tte*
Jn. the.:- tmrmiag to ii  the ordinate, sequence of a :m it  atep 
f ’ *jw tom t i l l  he considered aa.<o#5* ! * , . c*> with.
0*5 ordinate a t t  «§*,. ' ,
rrort the cbove I t  i s  scon that# # though the operator 
T could only bo «r directly to functions
M i * ,  i )  v  ';' ■
hairing in i t ia l . value end slope sera md n e ^ ig lM tr J  
differences* yet i f s  app lication 'cou ld  bo extended'to o ther 
typoo of functions then these fa&cfciono ere. approximated 
Y iropriatcly to r*cl:c ifc^ n aatiofy these;three coalitions* 
Jlso the reciprocal of .the operator,i*#* 4L «&-J# ■
2 £ i  i -**1)
# though-it'■could -only fen. applied d ire c tly , to  foxwstio&s/. 
having sero i n i t i a l  Value aM neg lig ib le  differg&cea* 
i t  could fee rep lied  to  o ther functions approximated to  
s a tis fy  these two eoia&ltio&s*
-M malmX  to to tio a  mi M m &  i l f f i i^ s M a l  ■■•■'
toasiftfii to t f f to f  ©latjt nslag ftss
■  ^ ^  ' '. ' " 
fn  l l t e i f y s te  Ix« ©ttcii t f i to to a s  i t #  a ilirs i 
u-.tog ito t v ^ ' ^ _  II  „ » t e t  to  S fa,>
©mtto© rmm m o ito r to  . ,
1« Caaiilia  ^ s' eli?eutl of ■ ro$i tosio® l  to siirtos wliti a 
©esicss« of oitssliy €$ ilst; mqm&Mm m l& iim
tlit t ©Itsns; ae^eti flit ©to tto itltiif#- iff lit  4
i t  flat otomto > ^ to &iver to
(to * 1) Sn is? to toor® f  *s to 
piltfiii f  m % tor- f  lB flitiif .^tsalfs to  .
(i>-+ 13 % «'%
fita mtiyfitml tslwiatoii t f  fMsi stiafista for a nnftosftf 
i t ;  to m l  t o t  ^ ** t,(fc) Cti I)  c:v;ll,; to rn !  I t  to
. i* X ** 0 to . ■. }
flit ©alatina i t  nit fcilloito '
. SafcsMfiiiiBi 1 (to - ' tor®- ml if f  m orvt to" r  (I^ ^ >   ^ * ■ "A
to th&ir #ti« of ©i Isltrfol’S In m m & iim
(w#Wi| rcctilxm is
( c  t o ~ )  + »e2» ***»} ® !'IS***J'
; * x l t l j l j l v i i  tolto totom to (I* 1) *
( i t ■ ( i * ■***)«* £ i# -i)(% |S
02? ['ci- * |*}f Ci ^ p fj 88 *^%i* %i****^
fti@ 'Q%mXlty ^ im  ^  aa® that? «§m l i t  mgltlpltostioa®
c&xri&d m %  1 h x*$uit;i>ng orftl&at© se r ie s  m®
elcinoirfc to  &ir* .at# h > i « fee £oXlovJ,n$ L itf lioMs
for  the m e l  ©meat© of th$ pxoduot^t
O  4' f } -o a  *  ( i  *  f  } ^ o s - O  % a  " -%&•»!
er B{ja « ~-l-~  ( i ia  + -  ^ Z 0  sm ^ i  #* ...*cm -3>
S. as i |  *£g: * * # * # '
IMS e©£h o^ tesfe t erf 1^ . iis giv&a as & siisp ls I to ta r  
f  unot xr i  sf fee prcooJira o*#it»tt m€ the e-oxitempor&acy
fili.1 |r^Ox.-iiriG ordJfeui^ of »
th is is  i&ail la oa litd  tha #wtir#ssicm e<paMerft* 
lew to p i l § fo r 1^.wf u(t)»  few aat of ©rdiBStfis of
nCt) ©a?# tsk ea  as <G*3* i f  l» 3u#*tfce.*) with 0*3 c^dimata
at t = 0 , th is  w il l  resu lt in an ordinate of Eg
ill I a 0f Wfeoli i s  discarded cdthoutGh ulc 4 ia  c&lcul&tiftg
ti® ordinate s i  t  « S
thus th* ic  ^vosfoa e la t io n  teJUn$ S as o#l  &©c# 
booorwsi
0^  ^ *$ 0*40^4 * 0* *$■****$***# * * * * * (E#4~*4-)
for a » (^  j f 4 **.##)
$h© cu> im ttB  l l l a O  s a i  at t  ■» S i#.0# &% & n 0 »&  1
mm s t i l l  e m u la te d  fm ® tha xvtw tsslob  tipaldfm  <3*4*4) 
only «dth iiu  0 0 nstamt l®r:n hoi * tcps! to 0*0233 .for 
2 * 0  sM o#» i 4 - f  or n « ,1*
*** - Jinn' ***
M tlm s lx ic  ti b lit th$; rsmiifcs ohts&md
%  tin  &a.crie-fL so la tic a  m l tha e:ia ly tlcu l s H a i ta t  
© luciix© i \ )■
t 0*2 0.-'* C.6 0,0 1 1*2 1 .4 '
:;0 (K ia ly ) 0*1013 e»32’/ / 0 , 3 5 0? 5,0521 u « 0) 0.7534
i" Cr.ut-it - ico i; 10 .1 7 3 3 0,5031 0 ,4 5 0 0 0 .3 m 0.0513 o* ^? 5 5 o
I : l!ii sstotiaa is started b$ a 0*03 *^V
im i in n m ^ d  a ft  ex getti& c ID oxdli*atea to  0.1* cir» ^  
xem its sr© ©Hsiaod* ., . . .
Fofii^ o*Ci> the T c t^m z tm , Hob becoja&s-
*» o+x)y i£  * i* #****■♦-#*■ *#(^#4*5)
ill© eonataat t # »  .hoiar e^ mal t© CVCII22 £ «  n, ** 0 and 
0*0VS5 fo r  a ^ I  * i'hls rt f i t  a ; . :■ :
T . ‘ V *  . ... <:* 6  . . ....■■'*? , .........1 ....' 1 . ? 1 . 4
0 ^  ( a m i / * ) o * i a i i 0« 5 2 3 7 C .4 3 1 2 0 .5 3 0 ? : ' , u i 2 1 0 ,0 3 -3 3 0 .7 5 5 3
I *  ( jxucqx*  . 
8 l e a l )
O v- ■**<? "> ^ 0, 1
% U O J 0.5234 0 ,4 5 1 0 0 *S 5 0 S 0 ,0 5 2 1 0 ,0 5 3 3 0, 7.553;
Is  th is  ct Xc i t  i s  ivossibln to ca lcu la te  Ht©
first crdinate ©t t  &■ § u&in$.,the {&f Ccxixiti c$L equation Hid 
fsxmala {S# 1^9) md than ©tpatloa <2# 4*4) is  mseil afttr  thic* 
thus the use ol tts  > 3 ^ ’ioa to the mife-stap ■
i t  t  #  0*. ■
w« Mr
&1018 ec|u«rtio'& (2*4-2.) uf Mbs 1  ^ a u(t)
**» ( - 4 , 5  a  I  K A b « i s g  e f t t s l  s « r s »' \i* v-%r
ftax fi^se e^uof-ion (2*2-9)
( i s r ) i  * • f c i;m  ~ V } ~ (jg--)0
Sxxus tor  ^ * 0*1.
** ( s E ^ l  ® 20 ~o l ”  1
caV ilt I 1 | this in cj nation (2€4^1). va
£0 ** I  ^ ^
or- %  * .0*0952': ' -
fte  rejp^ssias tcp&ilas (2*4-4) In t!im'«gr#4 to f©t 'Itit 
rest of t ♦ > <x£2Ian4#s*
Thm tallovdit;, ttM a c th* pM tftt* oifc^iaed-
%  feMu vlth thorn  from &y&oil<>n {2»4**2)
tf 0*2 0*4 o*G C, ii I - i ,2 1,4
i 0 (m txtf ) 0*1413 0* 3297 0*4512 0,55 37 0® 6541 0,6933 o* tw>
.1L (ivar<ct>* 
* lea l ) 0.1413 0*5237
0*4512 0.5507 0*6522% • ,v o,s o*7$35
2*. As .&. second .o^enplo oo&slste 41is froe oaoiiXafcion a t a
son: ;m attached to as# *.*4 at a atM:r « d  is
f l » d  sM  fchs v te i t  «  a  smooth flsna*
f!t.t € >  l 4v 4. c> t r i #  v i t r i  lio n  # t  smcti a s y M 
 ^ cL<4 2^ .
— — ♦ itn ) « o  ■ci ~
$Ji» sass ’being palled a diataa.ee e.-from sf&illtaiitffl
position sal tl«?c "cleasedt
if(x) * 1st i.*»re 1C i s  t  - s t if fn e s s , o f th e  sj 
* '** *•■„£* + Ex n 0 ■■■.■■■•
; 4-6* ^
**, V 'i  *  W6 *  «  0  . * , * * * ( 2 * 4 - 6 )
p1' ' ' •'’ ■•'■
w & ,
t to .in it ia l cofi&litions feoiiig i  I  ^ o m «■ a .and & # 0
fh# oualjtleid solution cf tMs erJurfcicn, ic Lritrm to- fce
> • • r • •
% & m v t  .
f# soliro i^*.s £u« cTiQdlft tmkmB misst tm n^wi ^sd
i s  i m  % fo r  c ln ^ lio iiy  4li«# taltm  ©s a ?» i» « X
fM s ■ equation (2*4-4) btftomosi
(l^ Hh-J.) X 865 O ♦* * *# ** # * *$»#*'*# (2*4*4) 
nM i t s  tm alftioad a a ls t io ii ;i s  i | i f a  %
x «» % *»****#**#'*-**##..#*#***. * (^ #^ **9)
 ^ f 1 *-1 \simbntltiidinr; r  f r ^ r r  6 i a  onriutio * (2* ~ 3 ) - - :"-\y U t 1}
res iflls  in. . ■■■.■. ' .
t; f  i j  {.3E^  t *««##**) SK 0
( if  i» )
frou t.hicli th& x^rencimi eolation is  
J^AX  IA
2ix  ^ H x T T F  a^x ** :%**a
and for k ® 0 o X thi& stooiaea
^0 88 X * 3 9 "^ mX ** %^.t,g , -* * * # * * # * * * # * * #• * * * * ( 2* 4—XX)
ia  t&is c:cc  \ber-o til.? i n i t i a l  conditions are not ^cxo#
t t e  f i r s t  ordiuat# gfccmM te  calcu la ted  noian litcs© M ifi& l 
-.c^ v illions* t~ v d if fe re n tia l eduction and fo r^ a la  (2*2-*9) . 
and ttcn  /used to get ill# r t a t  of.,.;t©t,.;
S o l u t i o n *  ■ ■ ■ • • - ■ ■ ' ■ ■ -  • •■ - • ^  -  - . ■ ;  ■ • ■ ; / • ■ - ■ ; ■ > • ■ -  -
■ at t  »; 0 : ; ' hwr^  " %g& 1;; ' lasl afQ ';a-0 "T^ v • b ' ' '
. ■■ v. v.,; ■ ■
. nnd iro n  (2*2*%).'. i^-ss' |C ** a^) • **. - d ■ •
< ffema jte*S« 0*1 . »% &i * .**1).
u s la f .forsi-ala j^lao-...for..^@<5oBd..d«ivatlvta
(  V - S  ' -
■«* ^00 **■ i )  * 1' f a r  S » '0*1
th is 'Im  ^ n a tio n  ' we r wt
400 (l£| ~1) * 1 .■* 3E^ ■# O
*** % ' * 0*9?SO
bavin t to  valii#' of ^  nad x0 taown t&W. x x ^ s s s im  ■ 
equation s®  bt w d  to c o l l e t s  tlie ©oiutio&* ffee re su lt#  
coispired to thos# o&t&l&ed from fe# sim iy iieal solution 
giycn by 'enaction  (2*4*4) are tQ u i t te d  ms follows
■«%-. 3-13* *!*•■
t 0 * 2 0 , 4 0.6 t . o 1 1 . 2 1 , 4
s n  < s i a l y l 0 ,9 X 1 0 .3 2 1 1 0 .2 2 3 3 • j  1 } 0 .5 4 0 3 0 .5 6 2 4 0 * 1 7 0 0
r'» ,<c? s f -
iJ s  0 ,1
0 .9 3 0 1 0.9210 0 .S 2 5 3 0 * 6 9 6 6 S . 3 4 0 1 0 * 3 6 2 1 0 ,1 6 9 7
t .................. 1*6 1* n r x r 2 . 4 2*6 2* 6
rp (a&iiy) # w29xl # «~u/2 0* 4163 u# 50&7 0.7575 6* OpoJ a* 5425
ir (nunerA-*
s 7 2 1
0*0296 0*2276 0^il65 0*5009 0.7577 0*6570 0*9422
2*5 X liM fr r in f e r e n t i a l  rn u a tio n j  vdfci* l&h&l®
Oeaff la ic a ls  ■ ■
:. C snaiier ibo so lu tion  00 13*, a**? ion
y. -* % y ■.** y ;#* -.o.^  *■*»*#** *#*»*****#.*.#(&►$**!)
v l l h  i n i t i a l  e a a l l t i a ^ a  ’ . fc «  0 y  *  0 \  y  *  1 '
fh ia  ^cpiatioa i s  iolTed > a rd ^ tlc ^ l.y  ia  Mp^ nMM. A*
2?ho oolntiaii in  g if in  ljy. :
.1 ®' I ■ ■ ■ * * * ■*• * * * ® * * * # * * * * (a* s^t)
fa  Boiw xwsserdcJUy i t  i s  te@ate4 i s
t sens w y us «•* tuLlo: *5 u lth  constm t eo cffia itn tii ' 
In w riting inuolico m
(Ij t- f* it ** i) y « o * #$** .* * %##**#******. (^ *5^ 3)
end putting B » r* £iju£&?z { l i  **■}
(&  1 (,y1# #****©h©*l « 0
lU  Ti» lY  i (i* i )  J v. A. “ 7
** f" I* "*®» i ) * 1*# Of •*!) *• C-*-*~ f ^)J (y »^ y^**©ifBjjsO
(~g * |S' „ i ) f  ** (^2 * a)»( j2  " ^1*3 2^ «■***«♦ >«■ $** #
Jfceon *i&leb.tho xvgree^ioti equation > .£«  ■ # *•••*•
1,0 Sm- ■«' y t ■ ;<* , ■;; • y_. : . | | | i  * it* * * # * * C ^  )
■ #s V*V * *  ' " 5*2t ® " ;
An the iriiti 1 coalitions ©re not scrot the t i m t , .; ...
ordinate at t  a .. i s  to.tso eolculatod uo&ng the differential
equation aM foiM la Ct*^*§) • • tm¥t • ...■■-. , ;
$Q * fj ^0 **  ^ ^ U*5 •■ V ., , ,
fr&lS (2*2-9) 3Tj,:* J %  ■; e--
ss 2$  ^ ** I
©-Iso m X ** **■
oo&stitutl:* * the oo values of y ^  tad y ^  in  e<p&t£o& (2*$*4>
wa
;, 4  ’ ^ ' i >  * *  y ^  * »  0 - . ■ h o t  t  « #  S  $ *  1 .
*V • % s§r; I
. ,. .low fcaidmg; y 0  ©&& kaom the regression  equation
(*~«5~4) con h# taaed to  got th e  r e s t  of the flotation*. hot 
heforo doing thin n« fiate its  fo ilo^ ing i ..
'X& the' se ss io n  equation C2#fMfe . ■ ,..v.
' if f  the ordinate a t ■ % m n S . . . ,,
■ &^**X ^  ©t t  a (n*4.) ^
^ ■yf.-.vl# t i i t .o rd in a te .- t  . . . .
Haas the vsimt ©£■% in  bht equation ia  to
he t Im eve rage o f tM sc  . i to tc*  1*0* (&*X)^
•■'■ ‘ <
Iw  eapansple*.. to  ca lcu la te  y* which i s  a t l a ^ a l  
the value o f t  lit the regroosiou aquation is  to  he 
( 2«*X)S 35 i  g iv in g  ** % and i f  the so lu tio n  is  con-* 
tim e d # .th e  ordinates o f .y  ra t fa uni to  he 
y.:.w (Xf 2* 3 | .4 #***etc*)  which, arc exactly  the se t o f 
ordinates 'of/the.:f unction y «* t  %fe xf IE* 3 ■
which i t  the ana ly tica l so lu tion  of equation#
2*6* Tv^nlfecar different 1 cl feunilo?<fii
Consider .tli© mechanical oscillatieg apft«i§ tsfcea la
section,(2*4>#f . His .e malice* of fee© vibration vns #vea
■
.■*-^ 7 + . ffe ) * o■ <^ «r ..... v .^ .n .-
nof puttisg ff z )  » to  * feT*
* *. &»* . 3ft . -■* *,** r^ ff 4> ., ^   ^ b -sr ** ; O '■ ■.
•■ - ■’ : v *4 . v ikiM pufctixig w ® C?l)'* * trJwt. «&
fto a  the equation bcoosi©®: :. '■ :.
3£ ■#■ wfe *i* s ■ 0 • * # * * $ #% % * * * * #« « { 2* 6*»1 )
..with in itial conditions t a 0*. it «# a, & & q
*m  41'
i jjatim  (2*6-1) ccourj In- tlb theory-of aen-Xlnoer 
vibrating oystema cal certainstypes of mon*4 inear eieotiic
£*/systems# .
“equation (2# 6-4.) is; %olvoi tie  ally la  Ansniix A»
the m lu^lm x  ta&ing w ».'a.:»;;l <nlcxi^ £1*2 ;l s  gtvm %i .
&-** 0*99453-sos w0t  > -0 * 0 0 5 4 4  eos"3 *-0#> p 0 0 0  5
" ^ 0  ^ ^  0^ 2. . *: * # « * **##***# * * * #.*****(
putting  the numerical v a lu tt: of W|:ua : -aM <*< ia  <3 aufcicn
(2#6n*X)- we get . :;- ■''■' ■ _ "•■■" ■
. *  - 5
M  f*  S». 4  O* <£ 3£’ SS' 0  :# ■* * * # .#«* * » * * # * $ # . # * . * * * $  C ***• 6 —^
with in it ia l ccaUiieaa'ar* «-'X m& k^ ' n  Qv 0
rswriting equation (2* S-#3)'-as
(&) " 4 1) I£ -E «IW >  &. 2j£^ * * * * * # * * * * #
and p u ttin g  I)
M i» . i )  >
X -58 (X“| f X-5 n * i$ |0i )sw».
and ar* » 3 * : * * * * eta* >
* * * * * * * *  i.«S*r -r*
* * #
/'*k . b^umM»V * * #■ * Xp^ **#*
M> - i f i {  J '■ . ' . w ‘
} 4 ( l #2#l /J  ( &£*##et0#) -
— 0* 2 (1 *. 2 § I } ( X-| * * * t * eic * )TO# l*rt? 1
4 V  r % 4 > / *' 4 * " ' ,»' "4. n  - .* * | >X, ♦ ““Cl ** T*v ) j? (X 4 | 3*S> ) S3
** 0**4 1 * 2* 1 if * * * etc#)
fros .iMeh tie  reorcssioa eqa&tioa for £ * '0*X is  - ;;
*» ~ VtVOiAVy +■  ^ ®ali. + tL*2.  ^ ♦ l»'19 *%«.!. '■” ‘% -2
which d if fe rs  iron  tti# resrosa icn  oquation (X* ~ I l)  fey
the term -  Q#C0O^ 9 CiS 4 X? > )&uo to the
non-linear tom in the d iilB 'm nk i& X  equation*
M  before the fir st  ordiaat# if' i  at t  # &"" 
i s  to fe@ calculated ursing H10 differential equation a ll ■ 
mala (2*2-9) becouco the in it ia l conditions rro not $$?$<
' l  ■ ■-x0- « ..0 :- '■";ti ** from
dltfdouliftl & \nctioxi *  ^ ** 1*2 ' ■ ■ ■• - ■ -o - .
1 <1 O'
■usa*\ formula (2*2«*f) ,r %■ s ft (% **^0  ^ ^0
•‘' ss ■ . 20 (x^ ** i )  • > 5# 0*1
2, * ■ « '
^1 ** jp *^ 1 ** '**
« 400 - i )  > 1*2 4  5s 0*1 '
tituting th&ao f t l w o f  ij  md X|. in aquation .
Ct#6-3) re su lts  l a  ; ,
■ 4 (%**' I) 1»2 * Xj ♦ 0#2 Xj^ : w. .0
from wfeiOb. m 0*ff4O*
% having %n sn4 x^ kuownf tbs reg?assio&' aquation &m be 
a to ret the rest of the solution* It gfeomld fee noticed 
hm® that the ordinates of x ar# non eslcaiatad from the
resxwsloi* equation by t r i a l  and e r r  at* a' v&ua of in
<w* 4 3  ■®*!'
assured*, thou uw fe ta l d in  th t ©C tquat.i<>a ( 2*S-5 )#
the  values of i f  1 Sfeg te in g  tesmai i f  the s&#o vtiLus
ef 2; assumed it  obtained we pxomfe the iimrt crdiBattf
ix sot »fe procedure is repeated utel w# g#t the tits# vslu# 
of asnmtd* fliia  may sound labcriaas* but actually ■'
r flu  getting a few erUifcatcs i f  i  s tb le  to  cuxrumr the
fe bp value of x . and with the aid  of a  calcu lating  raohis#!*• •■ ■• -    - • -
the worlr in nee laborious#
fe>n 5 obtained by ttm  huaerical solution, are 
compared with, item calcu la ted  fr©& the saaiff leal so lu tion  
g iv e s  by eq u a tio n ' (2 * G-2) in  th e  fo llo w in g  t c b u *
Cmaly*)
1*4ft. JJy* *& 0#u*/* utiBWJfeWMI
.:?si VD >5o I (\7}$u (J* £>460 O*4?03 1*0633*«rj >Viai |
at* (nuxer-
. iooij 
£■ "  ,'. X
t * V / - 0*9051 Q.'l’S?, 0,2750v» '• 5*
$k«M: #4.... 7!    *«*• 9 W «t*m Hr#* -**
^  (aaaly V^<j
(numcr-**
m leal)
. t » c vv
y*
o*. pmH 
0*f>f3
0*7oll
fs .r) | ?V* /  4 ■*
0.0373
0,0575
>55
07*
0,9033 
0,3  3‘37
la the Xfwfe 5 ceotio.'io 3 dLLffare&fc ^f|«s of 
d iifc i'c ritia l c^aatiaaa v.trr solved aa®e®toaIly using
>  i t  is  se©a 'th a t the work
~  ^ ;7 '‘v; a { if 1) . - ,;, s r
to o ta # !  ill vm a u lio a  ia  m% m  %#4iom as In. the c t i s r
hrmv’i  noa'oxlcai. aethoda, with the r ts a l ts  s t i l l  having a
M Jh degree of c oracy*
Hi© etepa foUowcd’la  the solution tm  1© smmisri ml
m  fo llo w s i
l #' p is  butctituted by > 4 rad tte  tinhao* i
 ^ (I* i )  ■
function and the fe ta l rr  function a r t ra M tltu te d  by
th e ir  se ts  of urdla&tee m  symbols*
S# She rcgreoal on equation is  then derived* g i'fiiig  each
ortiirte to of i’ ifenowi function as a staple tanoiioa.
of the preceding oroinnte o r ordinates* depending on
the order of the. l i f r c r e c t io l  equation* and. the ooik
ic ira raxf-' cm! preceltag ordinate ©r ©rdinota^ o f the
to lv litg  function*
I t  is  . rofarable to  get the regression equation, in
£ - Cterms -of 2 t f  'l t ia t  vhea d iffe re n t m ines o f o mr# used* 
the re ce ss io n  equation corresponding to each va lue  
could be o ttrlao d  orally#
5* i f  tho in i t ia l  co nd itio n s . are sen and the. driving, 
function s r t i r f e  a .th* eoodiiiea* o f applying the 
- integrating operator ( section (2*5)), thea the rogrcsaioa
equation conId be astd directly, starting with t o  
ordinsie a t f  » S
i f  the’driving function la' a «iio funotion, thm. the ■ 
r%YT0,Ti#*w t of © rdtoiceof t o  driving £& n& tim
i s  to  be . metis ©altos t o  nccessaiy ap p rd im atisa  ■ at 
the s i o r d i n a t e #  the  regression equation la  them 
used to cto the ordinafced of tee urdcnoea futcilea  
otartlrq; with the mt® oaSUn&fcq i  ttlon .( && .t * 0)*
The result will to? j include an r* tinatf at t  « 0 
ftiieh i s  discarded i f  . i t  i f  of v e lm  usual j^proximately 
to  xi v or f e  t o  'a t ^ * ad i f  it- i s  h a lf  t o  1 st
im c  t i m  frns a 
step  at t  ** Of fail i f  i t  i s  o f  value prepcrtieaiil i c ^ *
1 eolataoa cmiibilmii m  Impalto at t  * 0*' 
la  ease the in itia l em Utionc ore not ^ero, tfess tbs |
1st ordi&afee or lot few mtorafces dependlng oa tfet j
ofs f r  of the differential equation etc to fee calcu lated  ji
using thee® in itia l c, .^tiens* tho differential equation 1
i
arA formula ( t t o f  }* * rcc?Q**iQ& equatioa i s  ton' j
uccd u  r the roof of tho eolutlou#
U n drlvinu function lo a step fu m life  tlma. for 
eteple equation i t  is  possible to guess the tehaviour 
of the imteawo function at t  » 0+ thus the solution 
could be ootulaod m  in. rtotc t  5 above* avoiding the ;
ms© of tho evpro^JLmation to  t o  step function  sfr t  « O*
The solution should be started with a small vs3.ua of 
i and th is  v l l i u  Is  to  be kept or chraged depending 
on whether the 3 4 differences- at the solution m
obtained i s  negligible* . ' Mlm inzgo.ction of these 
d ifferences car* b t  ussd a a eheek in  detoefcjjag: '... 
n r l t ta e t ic a l  eriet-e,
f fo x & a t io n  o f  th e  u m o  L r ie b io m s  z* i i  thoia? 
i>oXntloa in the* JLinarr loxm
ilSEHOi5
In th is  chapter a loop consist! ar of a >~sieQD 
ILO, network repressniinr the yxuccos* a inters controller 
aad a cam to;it current generator acting 0 0  the rcv^ulatisg
unit* is  Chosen for in  .m itigation# Xba d if fe re n tia l
eouationo of tho loop bath with 0  lin ea r oad an e ^ o m o t i al 
reaiJofc^ng unit *0 derived# ~ Xhe exactions of the loop 
as log the Xiao ox regulating  unit ?:re Solved fox sfceo chanson 
la  both the desired  v~lm  u 1 tho load* u lay; the xoplaee 
transform trod*
5*1 transfer luaetiea cf the ixoeess la  %h$ 
of Different!el 1 e'mti ^  »
; 'lu selecting si emcittple to bo used lor a gmSrsl' 
aveitig&fcion of control performance with basic lypoo of '.
control »■ i t  :i s  not ooooihic to cover all the various plant
" ?ohsr aot wrist ion vfcicb mrnf be encountered* Eowvosy vtiy '
onv cases sro anal atoms' to coupled 10 stagts# ’w y"A $*tro  ^
damped oacillafelon with' proportional control is ' m i^ ' possible 
whera the polar’ curve passes at X:ash into the 1/ ix 1 1' ' 
quadrant# V* 1* lid m m  number cf which will product
such; a twre i# .three and it mill he aonvenioat to slept 
th is  *or the investigation which t i l l  be under-
tataa in this thesis* ■
*** -4H
fims the process v i l l  fee represented fey a
MG »®twtek m; Bhwm. is  (3#X) ttiiefe iM -m&x to fee
an inter.et'.iee network* Mis being pan fsrete I# c non-
in teract 3 sy* one, vfeieli »eftcc*jit#;fc«* b u ffer  w r^lifM ro
between the Hagtni* yM lm  to isMpiAiy calcul&tio&s tli#
values of ra te tes^ ej-« 4  e&paoiii##' of these'3 stages are
t&taiS ;#cpaii iM  f  ». B£Tis taken an utdfey*
' 11® 10 * t™ow 1^ ' across fcte last condenser represents
the Madi and a iesiaad change is  gxotes i fey efeaegMg this ' ;■
r@si0tn.noc* ttw> voltago ?*, mmB®  i t  f i l l  fe# the eontioXXod° i
condition* The d t s ir e i  wlurn eteue; fo r  th is  voltage i s  j
loo volts* fti© p^m m B  &: . -nd at sere d@iria.tion in  ttfeem \
m  2 m*a* giv ing » 5 "D oh»3« 1 i s  taken I V '  0 j
•to s^kc Vte C flislee^ about ?u;* ' i h m  f/l^  at tfcia ‘ ' j
operating point » 0*2* ' • ■ ' ' • ;
fetes at th is  load a change of 0*g m#@* in  tfe@ inpu t X 
to tli# praeess proinooo m cfeeogo e f 10 v o lts  In tho con tro lled  ;
e e te itia n  ?0 f ^ i le - im e r ta s is s  Hie load fey 25llf  -l*«* >
&#er#a$i&g |y to-40f0O0 ©tee td ll ait.# tfe# <&*ang#of 0*2 &*a# 
in  1 prodaeo a oblige of a volts only la  ¥ t aI m  decree ing 
the le a l  L/ 2>fe* i*#,.. Increasing I- fee 00*606*! o tes v i.Il 
aslc# the eboage of ,1a. X produce a cfonng© of. 13*5 v o lts
in  ?^* fa is  shoaa Ixoit I  >t p o ten tia l correction  v a r ie s  
with load*. , .
from f ig . 0*1) we es» write*
1 *  0 X -  f 2 ) /S  * C « j / d t  ,
t% -  % ^a a <v2 “ V /R *' C dV dt '.
a n d  C f £  -  f 0 ) / i  #  V ' 1 i (  *  c  * y a t
oll.aiiiatir.g ?, and Vg froa  these e^uatioas eoasifiezliig  
as vsai.&blg aid puttlre ,LC * 1 rc I t , in*
[ s 5  ♦  ( 4  *  d / i y  D2  * ' 0  ■■* 3 r A V  a  ♦  •  1 1
+ }  ?9 - j / d t  + 2 « )/< »  d(p/EL)/dt + veag<r/iy /4t2
la  .^f ©©ootiiit loud tbia rolusaa to •
[ i# t (4 * »/%} a® #. (j * j  i/apa * a /s^  f0 « la
( 3 . 1 - 2 )
ais4 s t  fcbo sm ftil opwstiJag |>#Ast l /l l^  « 0«2# I M i
fetaones .
(5 o5 * 21 B2 + 18 B ♦ I) ¥0 « dm * » ,,,» ,0 .i~ 3 )
EqasMom * i?’ j 5) £iv# t t e  xrlsULoti M t s a s ; list
toput X a f ibe ■ pr n 4  tbo oont^ollod m n i i M i m
in  tli© £om of uii'fcxeatlal ttttsfel.oss*
Sg# fho frm at^ r fm afiaa of 1iu> controller*
Is  i t  io «.».j$8d to 'fiM  the xospoaa© using vzt lmm  
m®4m n£ oootro4f a ©osstarollea? o stable of gliix ig
proportio tolt iirtegrra*. ^ d  derivative' A ctleas i s  im tM iired*  
In  t ! s0 .looacis of devi tion n ooatxoile? iB u o m & ty
IFIG; 3 .1  The P ro cess .
I m.a
4
2
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FIG. 3 .2  The C h a r a c t e r i s t i c s  o f  t h e  R egulating U n its .
sot itegit# ■ to ■ output' ifcieb, m if
to  id  i t - J u s t  r  i i ia lc r i^ 'o f  t ife c t l& g
I
eoatro l to ..-.balance tte-process t it  t te  -d££ir$& valua*   •
fhis output in  nszwul inuanatic practice Is a;9 p*0*l* 
pressure* i f  tte  valv^ te a  teen  uuitcbly ®lm&* 1$,
tiecfrlo& i anal© r  of-Ik® frdeosri tn t  f  "|>*s*l* w ill 
i  i i  i ?siy.e ef tte^rolicgc* 'Is a®pll.t4 to  a ©onstmfc
ouw^nt 'gonw&tor*. aoiitifs ■ m  tte  .ragal&ttag, uaitf to supply"■ 
tte  t roeen - ,bc ruffi j *c* at zssss deviation* ’ tea deviation 
occur®*. the ooatroli^r. is  to  ...glim a ©orrectiv© action  :;-,. 
opposing the deflation* . aM :if tJU© action- is  pr$$©ftlc i t l  
to  ..t&$, deviation I t  i s ; e&l&d proportional action. and tlB 
0ontroXXor.,.omtput baoasost.,, , ...; . ; ; e.
**  ^  ^ .****#**##•#***#.*{2%2-»i)
n te »  & « ©o&%r©li©;r output la  f i i  afesimo# of io v iitio s  ' 
a m ■ deviation3 "” Jg' r :'g; ■- 
•/•■ ;X  ^ » ...doastant ■ ©f 'p ro p o rtio n a lity *■ eaXX©.* ** . ■ :, ;.
proportional action faster*:- re la ted  .to f te  wpropca?t lo&al ' 
b® dn it is te  is  do fim d  o f f id  lies o f Ite
© m tro lltd  l i t  ion wMeb ©por&tes t&# malt m &
\/t\'
i t*  fu l l  feugcte lu is  Couotaat i s  determined from eoa~ 
&t c ring  fcte s ta b i l i t y  c f the con tro l and in .  •
section  (3*6) i t  n i l l  t e  ahom tew i t  i s  kkmmi to g i f t  
optimum rosipoas#* -
«*•
. .  Jre portions!. nation m m m m i ly , proemst« , r tof£&§tn 
defined.ass .f,Xh© sustained -Jfeparfcuro of tte control point
i/iffrdt tk desired vrloa% This cm be eXimixnted by manual 
adluiteeiat...sf.the controller* but i f  cm b# tiimiaatti. 
automatically by adding integral eoticn » ** 1 &f $ ..&$*■■■
... :i!iti§ the cet&roilar oatpua becomes
. ;00 as A <** «*. E^  J  *0 ct *»****** *■ t ( 3* B“*2 .).
v;hore &0 Is. a so wt Jot r t ln ft i to flic *testegrsl ■ action t i t e
defined as rXho ti c. ate w l  i s  vddch the .iatogral cctioa*
1&.-& co&trelier "having prct:crti$a$i' gad integral cation* - ■■'
1 % $a amount e$ual to tho pxopcctlciiiil-
I i  f* ten V uvi iuo 1 ie  imehmging*V ' •••••: " -af -
■; ■ -fims putting 4b tfuala: .some con .tnnt ic v ia  - (5»S^2) of ■
results la ' - «■■■■ y- ;'■- ir • tf ■ :■ r --fV -  ■• ;
. ; it A **. 1 jE, IC^. H. t
flics according to ..tie % etiniiie%  the integral actios titio 
fj  ..i* fete ti®t % a ife . t  feat a ,.■ . ■ - =■ ■ ■ ■- , ■
i;-,: y. y,-.. ■::K^  I  » i^ -.i; , ,..
&  l^ £  ** "
$te$ (3*2^2) cm be writ tea eo
© A ** ■#. **A [*0 4t) **#»**«
3>*
Properties plus inf zJL ■c cterol- elininoies nd  £s#fe *: but* 
i t  decreases the &a&! i  g aad ir e .natural fre^oncy* gad 
thus Biotssitutfs reduction ## £ | :* ifets.rtunits in ■ : 
rodtavtion: of the immediate 0orr #w41 ve mctlon. end .Ifuts
#CTo;r§ may be developed in itia lly  «ii the teoctirrtsat o f , ■ 
demand chsn^esu
  ?sBie control tcd ^ i * * a oh varies directly \dih the rat#
at 1 xoh deviation change, '* la eelied deidlvotive action
*, ,i "" ' ' This is  usually combined'
4fi *
with proportion**! active* the coatroller output them tecomesi 
^ 0  *® A** ■*» .ISg. dQ/dt ** ** * ** * * * * *C3* 2^r)
h r« In is a centerat related to . the ^derivative action :«*,
'defined as **$11# 'time interval i s  ilxieh fit® proportional 
action* in  a controller having proportion.! end derivative
1 tr
action vlicn the deviation is  changing at a constant rate*1* '
flua putting 4 W" it" in" (%%*&} 'result a "is "
'; ' ' « Atef-telt ** Enlw A' *“* .
fhtn according' to the 'definition* the derivative"action
fteia that
E £ " ' K  * *  i g i  : ■■ ■ ■ ' ■ " "
■; 1 ' ' . 03?"  f  * '■ .«s:
5ir>s 0*.£~4) sea be «rltifcea as '"
% * A * (# ♦ d*j/6te} ***#«#***#(3#2*5
Proportional plus derivative eosbixti does Boi eliaito'h 
offset 1 but it  iaereases the &mptx>z sad tfea natural frsqusacjr
• V
■ m -
Wm enabling tmoh a rro ao r p rc^o rtio m i M M i to  b* nm$#
Alto'It' w&kto the jto'poase to tuldm change* pore 8&Ui&octcogr«
M4tsg imligrml' aotioti to .th la 'to  tliniaat# © ffstt 
r ts u lb a 'In  Hat co n tro lle r  J- \in$ m  gif@
■0^ A  Sj^ { 0  # ^  d t  *  c t ^ / d t )  #*■#«# C 3 '*^ **^ .)
3*5 feciii&tirie' Unit $ ■»
It h m  b m n  pTrnion^l#  ahoun in nation (1*2 ) t^ut 
there. art. tto mala typo a of regulating, unit ctii^oettristio# 
in i^noral oaof fbo 11 near end . tho a&antiaX* .
... to -the  pxoseut lnv estim ation the o ff to t of both 4@sjir#4 
if d u e  md load $ t o p  disturbances w ill b© em sM ored m drg 
id e n tic a l control. loops*
.. (&1 with a 11s#ar regul&tliag..rait* and 
CD v-rA m. « p o a e s tia l  rconl&tiasg malt#
: . fh# ohoreeiorislio ou:r?fs of those tin rifpiailsg: uaita
are abom in  .fig* 0*2)., ,
ih# disr&oi&dstio&'-hove M ei so closes th a t bath . 
r#tplaM.&s m i l s  givo* the ssme.proeeaa 4eaM . of 2 m*a* afe 
stro  deviation# ■!*©* liltti the oontaxfrXler output ss A* Also 
thev elepo of th e . char& otedatio- of the i^ o s o a t i a l  ra fp la ita g  
u n it w ill l a  m&e .equal. to the dope-' of /the ch ^ & c ta ria tic  
of tli# lin e a r  o.aaf t te a  a small ehmge In it© eon txo llar 
cutpnt 0  ^ w ill ppo&uee the Botm p o ten tia l eeiraetioB, at. tills  
operating point#
■**w •**#
:: t t i #  o p e n ’ l o o p  t a i a *  a t  . t h i s  - l o a d *  m a t o g  t i t t e r
#f the unite and tte, propo.tionei control mod%
will, b e . the cam# resu ltin g  i s  snarly  the sbbo rospoaso 
for :i i i a l l  :€is'fcyrban:os* . : ,
The I x r ^ z x  re g u la tin g , im ib .mvat g iir t a l i s t s r  ... ; 
reiatlonisMf .bctw0#a tlit coiatrolMr output ^  e s i ite
process iapiat I #,■ . JU#.t .■..; >4- ::te° ’.    r
:. ■ 1 « /  B *.***#********* ;..
%h%m II in. a conn ten t which w ill bo determined soon#
■ In aootion / { I* 2 )  the c^pousr-tid r e f l a t i n g  unife tes  
a o te ra u tir ia t io  ...givm by o r a t i o n  .wMcti:o a  be
w i t t e s  in-t&rm of 1. sM .4  as :. ~ ■ -: ■ ■. ■, -,•.
;:J ** B1- . a^ § .. -•
uh re S'1 a *rt, to -te .• detemined*. ,
tte so . t  o regu la ting  u o ite .to  g i te  t te  a nope. oo#an. . 
IcmmM at: i f r s ;d « t i t t io S |  i*e«; &te-
.tBA *s $* #A\
Alft) a ,a* ting the dope- of J  oiu ch?r* o .eitefxo  re su lt a ii 
. ■;.B>.B».«a , , * . , * . ( 3 » 3 - 4 ) ,
•liras frea (2*3-5) -8M (3*2-4) it  is  s®ea tlsat A slacwM fee 
t&keo es. .unity ®ad eonseqaeaily S* » B/§ sad eegi&feiais 
(3*3-2) tweeaes .
T — «  # (® »  “ I )  * *  * , . .
X a.seeiioa 0 * 1 )  .the process desiisnei a t -&bw dev iation  : : •*;
I*#* at * A *  I wan taken a ie#a# ., ...,,.
Then from 0 *3*1} or Cte5-S> ‘ ’ B « 2 a*ft»/TOit* 
ftea tli# 11 te rogulatinn will be defined by
■ . 1 # 0»002 #«+«*+%*# * ** **•**#(P # ) .
ani tfco oxpoaentiai reg a l u* , unit by
2 «. 0,002 c H ”1!  (* ,3 -?)
At th# normal ©ftrmtiai. , a. chc&go of t e l  w i t  in
%, produces & Cheng® tea* in  X © d cca^cqaantly a 
iO v o lt change in  if fo r  lo th  r e f l a t i n g  unite# . I f  the 
load In increased, by 25S§ 1*0* • reduced to 4§,Ooo olmsf
thm  titm lin e a r  regulating, u n it w ill u t i l l  g iw  a ohoiigo 
of q.*2 ni*e*. in  Z im? a  change of 0*1 :la 00 -bub-this d l l  
only. produce. a . change of 0 v o lts  in  ?0* if i ite  th e  c w o a fs tla i 
regu la ting  s a l t  v i l l  g lv t &. change of, 0*25 m*&* is. X fo r  
a.ch- ^  of 0*1 volt in  #0 a a l Hxuis producing a change of 
10 vo lt J l a  f #, before* Axii i f  th# 'lu i  1$ decreased by 
250f them, . fhs . lin e a r  r$fpXs:ilag u n it t i l l  also g iirt a  change *i 
d#& a* a# for tel to it change in 0C md teiu pro tuidng a’ 
c-hanga of 0 0  v o lts  i s  f hut the e^o& oatiel rc g iia tia g  
mm  w ill giva a change of o * 0  aa*a*. Ah I  f o r  0*l cte ig# la  
0-e i thm aav>iuclw; a chmoa of id  v o lts  i a  ? *
. from t ils  it is seas how the c ru n t ini regia latisg milt ■ 
keope t h& po tca tsc l co rrection  coate a4* m the load chavigrat 
thus keeping ta» 'open loop gain const eat at differeat loads*
*** 5  ^ ^
while v tlaaa* rvgalsfeiag u n it £#*1* to  ~y -the p o te n tia l 
correction  ■constant 'f«i4 thus tec. ©yes loop ga iii teimgcs 
m  ..the lead changes*'
f Opon 1,000 F^“>mtlamn: : ' '  '
V .  There arc 2  cones to  tv ' conoiderc-I*** .
1# Conotete load caiiai e ...,:.•- ' ■
In egi, itiian  (5*2uit I ,  5 t e l  d) cm te  w ilt tc s  a s i
A If (S)
i*u valias of A has been ncsign; d to unity in  se e ile a  (3*3) * 
 then-. , .0^  ss 1 .-*■ if ( 0 ) ■ - * * * * * # if** * * * * * * * g * * * (2  *4^1)
whsj* . j, | gj B ^  X - te (© + 4 J # dt}t ■
wl*.
. Ei  (« ♦ <Wdtf) . er E|_ <# * Jr ^ 9 4t + d%'dt)
- ■ , 1)" . . ■
according to the c o n t r o l  used#
Then in equation (3 *1 0 )  aubotifcmfciTig f o r  1 from
f >  *io;nn 0 * jMS & ?) taking as gives % (3*4*4} rod 
p u ttin g  f 0 « 100 # 0O **(3*4*0)
where i s  tee  e l ere of f# from the 100 W it d « d » d  
vAmte
h i')  vaults Ixu
fur ■ the lin e a r  rogula tir<$ unit
(5 O'* * 21 l /  + IS S ♦ I) «0 * » 100 f(S) #.*(5.4-5)
and fo r  t!i8_<i..:;;,o-»atial" amgalstiag uaife
(5 E'5 * 21 »2 + 19 l> # 1) « » 100 ( t e t e l )
■*■##( 5* 4**#}
g  .»»
2# Vnri ?')Vi 1-^'d C' frj; . ,;• . ■ '.
,. . Only ir.tc,, chaise® in load mill Im ^ nsi4«#4 and , .
tliua j /j\^ inatosd of beiag a constant'oC 0*2 b€?Gom?3 
El/li|  ^ ® 0*2 «*■ U ^(b) ^*#***«*#*♦ t *•#.***#■«■#*#«♦*■* 
f M n  C « fchr cha.ve to&# ' ' ■ '
tbiis in  «fa^fcio^ (5# 1*4) *,* ‘ i ’vH* £0# f/u^
£x*om equation (2#4**3) £o~ ^  fcom -aciusdlosi <S*4**2j
^aa iltE  itn
rt}5 * 0 . t Q#g o ti(t )3  c® *L3  + 3 (0 * 2  + o u(t))]a* o .2 *au(tj^
a 'm -  ( \ .  * a w(t) n .. ,• ♦ 3(100 -t ee> a(iv'i4)/at
♦ 2 <J40/dti ddVfifP/dls * (100 * « 6> a 2. (r/E ^J/dt2
* * #.« * f. * * * * e C G * 4»lS' }
u(t) s^paoria;; ia the X*Bt&+ c€ 'fcliis ^ouatioa. am  b®. 
omitted buo.raco in t  «fc mad beloma b # O# i l i §  
f$G» C »H 5) d W E i^ /d t and am*©- iiapilsa
t o i i o ^ o  Cp a ( t)  and GlAi(b) :mi ^  i  * 0 I H  s  9 
theretojx c icoXXmi (3,4«*G3 oa to .•
" ( #  * (4*2 * 0) B2 +'(3*5 * 3©) C ♦ 0*2 ♦ o )  -«0
* 2  -  20 -1 0 0  0 (Id * 5 ^  + 1) «(«)**♦(*.'-7)
’ ■» sabstitufciiii for I from e^atione C3,3~S & 7) tetelas 
©0 0.3 given b$ equation' (3*4«1) we t -t  .ter the linear 
3x0u^tln£; im lti
(  y  *  ( 4 * 2  +  0 )  a  4  u .  j  *  3  0 }  ©  *  © « ~  ♦  c  )  *
l  0 0 (C2 + J  D * i )  u ( t )  ,**,£3*4-3}
■4 for biie eagporf id a i F1
£ }*> ♦ (- .2  * C} D* * (3*6 * 3 c> B ♦ f%r * 0 ) 4>0 
■ .: :. 8 20 100 C( I)2 * 3 I) + 1} tl(ft) ****,£3*4-9)
j > * 5  C l c - n  d  i r r r j  * * { $  0^*35 ■ ■
l a  t p d i c  ^  ( 5 * d 5 * 4 # a  &  9 )  p u l U ^  #  « a  ■
" : " ' ’—■'**-^ 0 ** *******t»-**^ *###t'ttC5f5^i)
itii&m  -§^  la  -tho change la  i®£tl3?t4 ird%i#i fey tfeic the loop 
is. closed mad the domed loop enidlcnc me efetelnod*
—  m a t  o i m a t l f e d  o b b i s i x j o d  f r o m  t i l l  f e e  t i i e  c i c a n d
l o o p  e c | a a f i c m  m f e  c o n s t a a t  l o  i  a c i i r ,  t b s  l i m a *  r e £ U l a f c i B f i  
i i a i l i *  '■ - Sals ' d l l  % b @ a  fee a linear dif faretrtisl e 4y,n<* don 
thofe eatt basolved for a stsi? ctisage la the desired vain.® 
W  tl ic XjI&ii 1 ac o IraCafom lUCtfe CCt*
dfec e^tdicm fefeb&lnsd from (3*&~S) d l l  "bm tfea closed
iln c  ustog  th s  li&s&r x ^ i l a t i  i  m aid  (IMs d l l  moo y«
loop erxation fo r  dop load <h^ i n a t com ta u t 6es
■il e
a linear dlfforcntirl ocustioa r 7 eua. fee £ol*« 1 fey ^  
Lapleee r^napforat .method*
who coudioo oltdr^d from CiM~4> d l l  fee the closed 
loop dU'ibion d  content ioaiiucinp ttto exponential'' 
. r t ^ l a t i n g  u n i t *  f M i s  w i l l  f e #  a  n o a ^ l t e c e r  d i f f e r e n t i a l
cpurtioa vh.ieh d l l  fe# jsolf’cid. .for ctc,> elna^ai in  c!eslre‘d
vslus by t]\c numerical isethod -of Chapter^*... - ■ ,.
Jrd the equation obtained fro a :( 5# ^ **9)' l i l l  be the 
closed loop ioa,' fo r  .stop- load changes at oo&Bt'&ntr 
desired value using iUo erporential re^platims. unit *
Shis vili* olco be a non-*lino&r differential c yuatioa vlileln 
va.Il ht m lire& numerically* . ■
5#C?* & elution. the Constant Idad Maear r.'^atioon#
The closed loop ©gnations oltal rod from equation (3*&""9) 
by. putting # :* ®a: ** % und using various control Siaaes* 
ere solved here for a steo choice ■ in the- feci red _value by 
the lap!ace Xr&nsfvrin method* 4 ;
1* fro p o rtisu a l Control I ode*
fo r  propoxtiosai contio l f($ ) sa E |§ '; •
su^J^tufclng this in equation (3»%**%) results' in
(5 & * 21 4  * 18 D * 1) Qq a -  100 Kx « ,..,.(5 .6 -1 )  
laklng the *,♦*% (*** transform) of this e la t io n  results 
to y -•> -
■','. (p  BJ '-f 21 l4  #-lS S + l )  l 0( ).«.:• 100 (0)
where #0(S) iM:^(S) ^ l*f* -of @
s .■ ■ 1©.cannot proeted to .the solution'of "this c vies •>:■ 
until, a value■■!© fi» d . f©r the faster*
' ■ X a  t h ©  p r o p o r t i o n a l . ’ « d ©  t h i s  f a c t o r  v i i l  d e t e r m i n e  t h e  
dynamic ro^ons® of the closed loop* TM  Choi os of 
mogBiiu&c.for therefor® depends on,' * rv Is eoreidered to  
be ■ a  good, response* ■ Ideas as-to that, i s  a-good radons# •
: p m rio r  ' ice * oto hm& "m m
. 4 i L  m .  Z t ,  to. i *f s Ilo x to ta te i 5a recent gerxs*
2,f
' X a  t h * ,  e a a u t o , ;  a n r l j ® i 0  , t l i @  B r o w a r d  C a m p b e l l
metiid'd or 4ictti?c open len gate i n  m m vim ice  to a
epetifjxd o » wO / .ef  V -0- V.»tt o cvtsaoa le t  ttes. olieasi as m.
convaxlixt criterion*  la  th is  re to o l tilling  11^  m*y
mtimituuo of (^w) ao X*3 to con:idered to M  xtstotiag to
a goai closed roop pexforeunieo* .' : if  s@ torn loop ,rto is
dot£TTX*>v’l CO folio  *.U» . . ;.
Che loa\?o of t i c  aT^Cto) f a c t i o n  is  dram o& t’ e
t o
pleat* to  our caaa OT Cdw) ^  deduced atom 
Ofiiatioa (3*itol) as • : -- x
, G ~ t o )  *  5  « t o  *  a c 3- w ) a  +  . J . 3  ( j » >  *  I
mid ia dzkzm  in  U *Cw)» to & m'm  H at i s  dream waking 
ox tmgla « 1 m f i*e*■• 5 V  dt^eea x&Vx thm
m tfottoa rairl e s is* - ihea a c irc le  i s  dram  i t i s t  to toogcat 
tor bozh to la  lino  an! tic (T^ Cto) .lo o m  P ith  i t s  centra o n  ■ 
tlm  negative teal \ml®+ Tam tto euto tm m  tte  erigi^ 
o f co^xaimtooQ to fcto ’centre of ib is  c irc le  dotoiorlats the 
©fell, loop grin tobioh la 100 to oar etas* tototo ms fom i
fiom/tos fig* {5*3} to to  oqntil to 15# .
■ Tnm ^  to!5. ;
S u bstitu ting  tills imlao of (3#6^2) © 1
pit.Is tfnigj **?( ) m 1 ^} * ■« * f * $ * %: # * * * # * * # # # ># * *. * C to
sMoti i t  toft of a «  ^  ^ ad gi¥ao to <3*5-1)

15 «s10 )
iWm & chts&o to desired vs&’uo %(S) « g
*.!**.*• f l i u t a a v  t k t o  l a  # i p , i i i i t o ( 5 * 6 ^ )  r e s u l t s  t o
* * * * # (
SCS  ^ * 4*2 B2 * 5,© S + 3*2)
Bf gotttog f t o  re o tf  e-f t t o  o l^ & o to rio tio  #qiis:feioa 
■ ' #  * 4 .-  3  * 3 .6  s  + 3.2 a 0 : . -
Hi e&
3 (8 * J« 42112 )[<& # (0*83525)^3
'■-•  ':~ ‘j- - - tbTrrM using a tobie of toeXeoe dranefori^s t t o  to reros 
t r a a s i o s  of o r a t io n  (5*6**6) is  fou&d to  t o
2f, f^%ygt loo al 4 i tot €.c;rg>i On ferol g y.o 4
e&
• juteoralnz to  rutBorforl f ie  in te g r a l . m t i m  t i m  i m
■opM w m  o a n t r o l t o r  s e t t i n g s  1 b  t h a t  t i m  © c p u i  t o  t h #  p e r i o d  
of oocill&tloa of Hi# ros^oaao- to tb*$ froportioaai caifcxo i.
Vt- . ;;;■ ;,.. : ■ # : .. ■-
■fliin period txm  tq u e tio s  C3*6*-7). ^* ry i5?s’ ? bogs*
Bat m ill feo token * 10 &qc& -W th is toouli simplify- ,.- ;...
«0 * 0*95?5 -  0*03?9X U V S A & - f
‘ .giti CO*3o525S -IjCfO.S)
.**»**»*»»*** 0 * 6 -7 )
2 IT
oaic^iutiona imd i s  * *, u m  ^ n v ts irc  irm  th#
O n^roatiL v l  value*.
ihVi ff(«)' ss 0*13 ""<4 '* 0*1 f 9  ®j > '■ 
jsa^utilatln£ thi^ in. equation C3#4«*5) results in  :" :
n$ *■ 50 M R j. n  i3 ,■#.** 1 «?/.£)  ^ ^(5 ir  *.- a  &* 4 IS © 4 i )  * ** UI-« ♦
*##-%##Ci#C*3) ■
X*t.« of- thi? epilation : ■■# " 7 ■ " ' ;V"; '■ : 7YV# :'-
( 5  S 5  *  2 1  S i 2  <• 1 3  s '  +  1 }  « 0 ( 3 ) .  •  -  1 5 ( « ( s )  +  0 . 1  « ( S } / 8 )
. . . ■, . . . . . .  - , . . . . . . .  ♦*»*#**** (5* 6-0)..
W?l
a  (BV- (15.S-+ 1*5) %C8) ■ ". ■
5 6 s .  31 S-' * IQ 6** ♦ 163 + 1*5 
I’sz* a u l i -  I - > eJoagB'ltt desired  ritXm th is  teooaas . 3':
K® •♦ o* l)
S ( #  -e 4*2 #  ■< ;,5  # *  ;**a i  ♦ 0,5) ...
«e{8) a
f s t f i t i j  the K?ots $f tM  oh rxao to rl^ tic  c »u 11 tri* th#
i&vera* transfer*  .is. tkmn found to t^s - ■
i%x« **0*1^
«* I -  0« 0X369 n , ;• 4 0#051>** #
,+ 1.* a '/ e’ 0*-^  1^^slo (0,S5DQt -  127® 5*) ,**(3*6-1
5# 'a l  4 T)C’.rd¥sti¥o Cor * >^1 tr>lei'
■*?%*& •MfcL*. Siydei-iTsMTO aatieu tiia  fd is  tdcen wMtrarily as 
0.2 6®es,» a u j  bocattse i t  i s  tb.cn easy to get th© roots 
of the ehsractesisteie elastic® sad also i t  <2te®a glw  a
it response#
.. i(Q ) mm becom® . 0« 15 (3 *' 0*2 d^/dt) § ■ . 
substituting tliiaim  equation (5*4«*3) results is.
C 5  #  +  2 1  I ) 2  #.|a 0  +  1 )  # a  <* -  l $ , ( 9  *  0 . 2  d V d t )
■ *■■#*# *»*(5*6^15)
*. of th is oy j
(3 #  4- 21 82 4 la 6 + 1) # (S) a -  *  0.28 «(S)3
* * ♦ C ✓t ' pUtti?i(| ef(B} s* ^  QCt
4 : (l£ * 3^) QAlS)
?•
5 4 21 210 ♦ i s  .... . . /
JTer & UMt-stop chon go in  the desired vsiut th is  beoases
: ' .  . 4 r t ( S )  * : : ■ 3 c 0 .28 4 1)
s  (s^ 4 4»a %s 1 1  3*2)
w ttix ^  the roots of the clu> c tc ric tio  cqxalio^, * o 
i&ycroo .is thea found to  be* ■ . ■.   ■ .
V* 4. I 11 <*• - ✓ I j*.!* « . ji*. % ?***.&• % » .  0 * 9 5 7 3  -  o , Q J i £ o  l . U S >  c  < « % £ & *  5 . 3 * )
*  •  *  *  *  ■* *  # » ( 3 *
4* '• '3*~fI'er;tt Control ^orlei.: . ■ ;
hOw- 2(0) itcoi.iss 0.15 (#  4 -0 ,1  y « d t  1- 0 .2  44/41?) 
aabstitutlnc this ia  e-vu fci>->» <3, 4-3 ) xcisaUo is  
(S Jp ♦ 21 J>“ + 10 B + l)0g « —15(0 * >1.1 f  0-11 ♦ 0.2
( 3 * 6 * 4 8 )
; f *  o f  t h i s  e q u a t io n  - I t
(5 S1 21 6f”* * IBS •'■#-'!) fcC®)" **■ ) Y O* 0**^ 0 ^  {0},3  ^ 01 «•*<£ * 1 ■% .a- f a\. >*« • t* Y \ a. • t\. ifijJiL14
* .# * ft .# C3#'6*»l-9 )
a t tin:, v(0) ■ s* | ««* #^(8) .vw©
v ' \ Z
«0<B> ” •■■i ? - ^ 1 .- ^ -  * * * (3* fr-ao)
4.21 S3 ♦ 21 #  4 16'S * 1»J:..J. .
lor a ■ untb-sbep <Si«rt£0 in the desired v tMii hocoms
*  5 ( 0.2  2  m  ♦  - . 1 )  r  ; ; ; ; , : :
11 , * #* 2 <. ^ 4?t,2 U* 4’ $%d- 0 •♦. 0*3.)
'■"■,;■■ ' .
Getting the roots oi tho esaractorietio e^u&tie&t the iam rst 
trtuniniai is  then £c ml to bo
eQ s i -  0 * 0395 <r3* ld0"| 0* 0573 e-0.l073t
+ l.253-V e“u*43Y !sa  C0,823l5;f - ' ! £ #  *»9*)
■■:v.: v . . #* #*♦# . *##
3*7*. ' ' Solution c.t tho \f art able Xoid Ida ear ^xnttien#
S-1'. ', ■,
M s  is  the elrned loop oquoU&i obtsistd iv m : ■ ' 
©mailon (2>4~i) md T ill h© a lv e i  for 23,1 stop iBorease 
m i men care in I tnir/, pxoporfci0 J control Bode*- 
1# 2 3  ■» 2J»_f Inc.^nne j_n *^yi* . .
250 -tY> tm m m m  in load is  oOtninad I f  a . # u  
tihmz® l n % iiOia 30*000 otoa to 40*000 ota% ,i*e* 1/1^- 
is  otep el v I ir;> 0 * 2  to 0 *2 5 *. thus 0 ia  omniioB.
(3*0**S3 oqualo Q*CB*
then eukstltuting this v o lw  e£"O' M  mg&sMim <5*4*8 )' M  
pufcfcin^  x ( * j  « C)*15  ^ for proportion^ emtitsi results ini
( B 5  *  4 , 2 5  a 2  +  3 . 7 5  i'i *  o » < 5 )  %  ; ........................
■ - ; - . '  ': 
* - > $ - 5  {Bu .8 V I )  ac t) ******<5*7-4)
Jj''tli&/d*&ix&d 'vJ.xy will be kept octiataxit crfc loo- oXL3f
ihoa '% '«  ® w  # « ' p u t t i e  th is  In e l a t i o n  0 * 7 -1 )
* 4,25 B2 + 3*75'» *■ 3*25) «0 » 5 <02 * 5 B * 1)
. . ...... . v ■ . *# ft #.**. (3*7—3)
.1#$* ;of tills  equation in y y y : .0, ■ ' '
CO5 ’*- 4,25 2“ * 3.75 S:*-'3*25) ©„(S)'s -5 (# ..+  ^ , * 1) |
filOFS \ jlCl. , ,. , , ,- ■ . * :
. -  5( ‘ + 3 8  + 1) ,* -  „x
."° ~ a r "  * 4,25 s2 * 3,75 b ♦ >„0 ■
Getting the root© of i ts  • <d*ar&eteri^l4© onation* then the
inveim© txviafosm is  found to  bes * ■ ^
_  „, ~3.4325t ■  ^ „ * *
X#$5«.>*o ^ v*#uf wj # ■ • 3*00256 a a siii(0*88311&»'1% *'■' "*» 9 ■#"****»*■ •* v *  *, *  4? rn V ZM**t.%, V* v*h*,^ 4Mk V‘*m4k?
■ 35U9 )
#*.**### t (5t' 7**4 3
2* ?5 . ey rccronaa .Is
Hi th i s  e u i^ ttB lead  x@siata:c0 J!  ^ i® step 
increased fresi » *X*1 to o>f66S«6 -ofea, 1*#* •
w ill be ntep cheated' fern  o*a to  0*15*3^s 3»hus c in  
©quatioa (3*4*5) beeoass ©quel to *0*05*. then et&stliufoisg
t h i s  i t s % m  o f  0  t o  .© quufciot* ( 3 * 4 - 8 )  n l ' p u t t i n g  
1(0) « 0*15*^  results
CD5 ♦ 4,15 #  ♦ 3,45 0 * 0,15) %
*  -  3 «  *  5 { a 2  +  5  s  *  i )  t i < t )
Inhtim &M getting the iyT* result a to'
7? 1 2  + -^'.j , * 3,15) s <  ) ® 5  Csa + 35 ♦ 1) -
:j*— «* *-v |^ \
ton® . B ) ■ as *#**#{ #*7—11)
. , . i , c J  + 4,15 u2 + 3.49 6 ♦ 3*15)
getting  too :Xooti of ;th© © hsrsstfiiistie  '' t to n
tlif inverse trmsroxm to  .to cm to  be
■. **o*
0« *» 1,58*73 ~ ", 8 , V'*' 5,5703.-i  e * " s ia ( 0 .
W.7
—■ 67 ■ —
4
nmae^ ic&t Bolntloo if  m Tarnations';
y ^ i r W n W !  . . . . . . . . .-'"........... 5 *%2 w>*. **.\&rf m
la  felilo chap tor t&rloop equations totaiimd is.
02 ter (5) ^ th  the Um#ar • m &  erponc itie l regaining  
' ts itia  art- s o lw t  iiidr-G the time oerie© y ;;:
s*oiho& described in  Chapter E for © ? w stooges la desired 
¥atac and load under v&xio *j aastxOl » le t*  The li&wr 
equations solvt-i b j the tot* method in  Chester 3 to  teg  
m bted  again, to Show Hit tffleaqy of the numerical method* 
.results oMstesd % bath, methods being colored ia  
tatotl&toi form* c # ? i i  obtained from linear and a i-iteaw  
■'equations are dr* a to to tor for each. ©eatro 1 role*.
'4*1 Constant bm& Epxsfcio&©'** pxoportic id  •
' • Control rode*
1* ' litoewr f t '  ulr-Mny Hr# to ■
, '  • " ' la  section (3*6) equation (5*4-3) has to©& s o lw i by 
ito  Mptoet-frsasforn ro tool for a unit step--chaaga i a  the 
d esired 'v a lu e ’uciag .various ©octroi/mMos# i t  i i . l l  to  
solved tor# by tb# nmcrieol-motool describe d .te Chapter S 
, for - compsrlsoa* starting with flic* pr o p ortio&at control mod©* 
i*t* with f(0) pit t-cpal to 0*15  ^ * ftos aquation C3*4—3) 
becomes$
^  &> 4- 21 »a 4 IS B 4 I )  «0 a -  15 # (4 ,1 -1 )
Wm steps fo r  num erical:so lu tion  of d if fe re n tia l  
aquations ia  seo tioa  C^*7) M il  to 'fo llow ed  Lore*
ffviMi replacing-l> by to# s e r ia l  operator ^  (X ^ X ^
j$&& putting the ordinate sequence of ^  s a t 0 as
S0 * (0$$ i t o l f %2 ******** etc#)
©Sid ' -0- ss |. 0  ^ $ #^2 ■*#*#**### ©t#C* )
■equation (4*1*4)' bosoms*
s ( i £ i x i ! f  ♦  W i  i t o t i f *  i s ( *  i h t o )  *
( i ,  i ) i  , \ i  a ,  i ) l  • \» ( i ,  i ) /  J
, ■ . w *» XJ (mQ # **»**♦«, tc*)
then ■ , ':
&&, P m  i i ^ §% ) * 5# ( i f  - I ) .  ^  *. ’ * r+f%*
S >  T r r r r n * ?  (IV~F ~  T  ( I T T )  l> « . - ' ' , i - 3» 2 -r t '->
*» -'15 (0^ f  %*S% '* *  * f  ■# ©tc* )
lu l l  V ly ing  both' sides by (jL*$f3*X) wo p t t i
( 1 |— #t5f— i)  #■ i |V i | i )  -t i f —i t —l )
* (ai3#3|1jJ| '^ ©Xf ^02 )
. .— — Xj ( i , 5 | 3 * l )  (0.0-.* 0^ 1 #■#■*■*■'•*■ ©to*)
Sf@xria.giag tton
*§ *  i ) » :  ^ * %  ~ *f
(  «. *  i £ |  »  « g i *  i ) j  C « o d * % j_ *  * * * * « ^ » )
» — 15  (O 5» 5* l ) (Sq» ® 2 * * * etc*)
PttttiDg
(  f t  * T r *  T
JL20 _
~ i r ' d1- T
1 2 0 « , ■ M-- ;■>' .itawNM! J*X*-
y-
.  M  v ■ s &  • ■ I S
i ' . - . . . V ~ h
+ .1 ' ) **‘
#  .3 ) . «
* -3) •#.
♦ I )  as'
& \  
V
c
4
*-#. I?***.)
results ta ; '■ V :
' : (£» 1>» C» d) ■ ;
" '  »■ -  3.3'ci*3*3»i};c«0t n *  ^ 2 •*•#«*«*) >*<^i-3)
» ■’ - ■ ■■<■ 
ilia (n t  1 ) t e s t s  ©f Va® gxv&aeh 0 * a l i f
result s'is^, tin  
^oa s  “ ^  {“’i  * 3%>4. + '" W  * ' V | } “ 1 -
■ ■. ■ I  *00-2 *  I  %1X~3 ♦*<4 *1*4
Ihtom ‘th in  • rc^rrc^lon oquatioa tlna or ell mi loo of sot
- . - • 0
ealO'Ul as £o3.1o%-3*
IaM.es s e r e  mails each Qoimm. of viittih m as  dom  
us fellows*' ■ t ;  «a » %»3» * % x  s m  0:f 9
“ l% o .l»  ~ f  ®ea-2 «eii-3 *
i t d v ’1 of #^.1^ assusod fro’a i&hieli- % I® $
tqmls *&*£* to tfeo.atfc ®diimft of %.
{&* cbsuigo ia  t in ' i t s ir t i  irtlm# taken an a g u(t) sl# f  
fm c t lm *  ttos i t s  ©rdtaat# ttiptaet i s  g <G*9t 1* i**oto#) 
an in ' pm^' s te tio s  {i*g}* v  f o r : $11
ordinates esaopt ti©■■^ x-o s»&£»tt.Y... -. ' -
S. “ *®a * 5 -
tho m m  sirdiaato bcu* - ** S*g . '^  - . wv ■'
li.m foiin &om itiu oolu3inf petting tii# other ¥iilBtsf 
boiBg bom front tho prooeding coluarn®, $ is 
t h ia eelenluied v&Lyo of #0a should iigrtt tdUfe tto msains-i. 
osio* oiboxmna ih# grootiars I *  * s&frest* ’
It should be acted K*f>--tb*t» n ta trial and■ method
#f o&ouX&£ii& flat or&ta&fcOB of $ oouXd Mt§
*v«>ix i % pmttiag # * *0 ** % to o j^a&tioa C% X«4) *&4 -
ffcem getting i}.-* r r ^ s i io a  #spmtion i s  terms of M  
i&etead sf  ^ * Buts- this emaet fe# d#s# is  tte nej^ IXoosa?. 
ocw^  mn elil bt 0a#U| doing i t  thin *ill a are 
dftrtratiaa of «qmailosM for tacstt oat# isid Mlp
in eomp&risoa during fee pracoo& of oal eolation*
fo got tlit coefficients a* bt -o f#VI & of the rtgx%tsaioB 
efttalloa vslaes must be os i  «-cd for $ .  moss have bees
chomn asS «  ^ Iro f % * 0  to t  » 1 tlata Inoreaoed "to 
54 from fc » X to t  » 7 ^ 1  inure cael cv~jl& f i  a from 
f  «s ? to t ’ w -1UL*
.:'• -■ ■■.'SubstitutingHiea# 'ts&ttee nff S in- equation (%
resiilts- ini**—-- ■’'■ . -: - .. '. ■■■..
0 P . |8 ■', -. . ■
* “ 0,00037^ i * n *  3 fl^ .1 *  3 «2^ a +
.♦ *U5n45 $eg-l** -£4*^ 3>S %a»2 * 0 •>->-? o^n_j
I b »■ }» ■ ;. . ', •
•&— » ’- l>« 003? («a + 3 * 3 £n-2 '♦ %«3 5
♦ 2,19.24 ^  ~ I.>i3 «oa^  * 0*3 3f 8 «0^ 3
: . i® ll0Khz& table diets how %h 4 zurwlcai m t u t i m
%b  &t&x$ ed g in g  the f ix c t  of the regression  Qi^atio&a. ...
f StO* . 0 .. 0*125 0*25 0,375 0.5 \  G < 5  1 Q.75-: I
m r  & 2*4906 .4 ,9392 4.9593 4,3985 4,7385 4.0539 4,4732
■ -35 *  ^ n-4 .0 14*9373 14.3794 14*6959 14,5955 15.974D
■ - 0 ...J ;; : 0 , ? .' 53 14*9673 14,8734 14.6355 14.3955 |
~ *%~3 . : ;;.Q ■:,, . 0V / ,  0 , 2.4986 4,3392 4.5538 4*6325 1$
0*000574 2
Stiffl
0*OOi4: 0,0072 0.0157 0, 0814 0, 022s 0, 0222 4}, 0217 ' ■■:"
^ y ^ - i 0 :-. O«O03$ 0*0273 0,1023 . 0*2583 ■O.5I27. ...0*8702;
U , 1 3 5 5 ^ : v,0 ■. 0  . -  ,'\)pl - o . o o j o -0 , 08S3 -n.2106 -0*4299
0,53S?-3oa_3 0 -...-, :.. -0 ■■■ ■, 0 . -r , 0.0008 .0*00(34 . 0,0237. .0,0598 ,;
4^3Fa*LiSf|1Oil 0*OttA-. 0,0lD3 0, 0402 :0*l0I5 ■ 0*2015 0*34204 o,5aa"''"':
/ia o^pltdnad utow a i?®lm of is  a^eanedf
for e»au^ Xo at $ « 0 0^3a is jreosoackly. asBUaad to te..\
gfxo# u&coxdi&gly % * -2*5 (ia tho th&Xo skews -..^•.ia,,,,; 
w ritten  instead  of cad than after ousino f tha tmsx: • 
io'ftoltajUod ^  i |  iasttad &f J l | ' )  asd m ' Q ^ ^  0 fe fo x t; 
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FIG. 4 .1  Response to  Step Changes in  the D esired  
Value -  P rop ortion a l C ontrol Mode.
(a )  Linear R egu lating  Unit-5%Step In crea se .
(b ) E xponential R egu lating Unit-5% Step In crea se .
'(c) E xponential R egulating Unit-5% Step Decrease (R eversed)
(d ) E xponential R egu lating  Unit-10% Step In crea se .
( e )  E xponential R egu lating  Unit-10%Step D ecrease(R eversed)
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FIG. 4 .2  Response to  5% Step Change in  th e  D esired
Value -  P ro p o rtio n a l* In teg ra l C ontrol Mode.
(a )  L inear R egu lating  U nit -  Step In crea se .
(b ) E xponential R egu lating  Unit -  Step In crea se .
(c )  E xponential R egu lating  U nit—Step D ecrease(R eversed
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FIG-. 4 . 3  R e spo n se  t o  5^  S te p  Change i n  t h e  D e s i r e d
V alue  -  Proportional+DeriYative C o n t r o l  Mode.
( a )  L i n e a r  R e g u l a t i n g  U n i t  -  S te p  I n c r e a s e .
Cb) Expone n t i a l  R e g u l a t i n g  U n i t  -  S te p  I n c r e a s e .
( c )  E x p o n e n t i a l  R e g u l a t i n g  U n i t - S t e p  D e c r e a s e ( R e v e r s e d ) .
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( h )  E x p o n e n t i a l  R e g u l a t i n g  U n i t  -  S te p  I n c r e a s e .
( c )  E x p o n e n t i a l  R e g u l a t i n g  U n i t - S t e p  D e c r e a s e ( R e v e r s e d ) .
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Bnm»nrs" - : ; v  r ■y.x.:---.
the design of the simulated process ■oM '3P@galatlas '■ 
units is  &coc^ ibo&#'- fh© controller was constructed using 
o p e r a t i o j a a l f h e  :porfo»«co of ■ the'pexto of ■; : - 
the loop wore cheeked exporlmmtalX^' and' tM response of 
the closed l&&p to desired value and lo 1 changes rnder
various control trades was determined txperir.entalX.fi m &
■ '. ■ :■ ■ ■ ' *
the results compared with those obtained theoretically in . 
ohapter'C 4 ’)’# V’' ‘ ' . . ^
5*1 ■ • introduction - - • ■ - ■ ■ . .
;■ ;■;■• .M  chapter (J) th e.response to step Changes la.desired
value, and . load has been ■ calculated for M ib  linear regulatlag 
unit § .b y  t l i #  X*$» - M th o d  u s in g  various -co 3 xol  modes* . f h e a  .,.. 
in ChdptorC4) th e . asst linear- equations wore .■ solved ■numoa>» ■ _ . s 
icslly* the yw/Xt@ obteu *» d have been very ■ close* thus 
showing thst tvxa iimorieal method of solution of differential- 
equations can he depended upon* ,
Also in chapter (4) the aaxwXl&ear • loop equations* 
resulting'from the/use of the expoiaential .regulating unit*, 
have h m n  solved numerically* end as i t  was not - possible to 
solve them analytically* the results are then tcrbe cheched
pr cfieally* However, a simple noxwliae^differeatlaX  
equation fhioMwas solved/ntmiexlealiy in-section (2*£) ■ j
8ad:«hich:..tfc was possible to solve' i t  analytically; proved 
th a t the results.-.era to ry  close# as in  th e - lin e a r  equations* , I 
I ■“ " an-eltotrieal-air alatOr; of'the oontTol-'system used-for ' I
th e . investigation has been M il t  and; the response -to'• step■'■ i
cr in" the . do ired  value o«i to  d 1 5to -recorded .-f or ;
linear ■ and tx p o sc n tit l regulating, u n its  using various'control 
modes*. the ■ records . obt x c,&show er^el agreement ■ with . t h e : 
calculated curves* .dav :.vv-w-:/.y.:; yv .?.:■ ;■.■ V - w,; ■ .y
5* S. Process Simulate 0*1
, The process which w o investigated m othomat ic a I If  
i s .e i i iv  Mot to .a.three-stage £0. network..with a load 
resistance.aero 3 the condenser of this last, stage. as shown 
in .. M  the practical simulation. of this.process
i t  i s  cavailen t to change the time scale- and 10 which vhen |
treated mathematically was taken as unity.* has ..been-simulated §
by B»l0 K~Ghms and CslQjuf giving a  time constent j f  .0#l\seo« ]
: 1. .fitb .such- a  process .-the response curves'‘Obtained using :
a proportional: control' mode * should be. the aims as obtained • > 
theoretically# ■ .only with the time scale  a f  the theoTOtical 
curves eh?mged in. the r a t io  -10 r  i* In ease of o ther control 
modes* the, integral action  time and.the derivative action
time, should be  ^taken one te n th  • of th e ir  th e o re tic a l
values*\and tn.a the espouse, curves, will bo the same . 
as the theoretic i l  ones with the time scale changed -to the
ratio ID s i-  - J '*
I t  i s  shorn in  the c irc u it  diagram fig * (5*I )  th a t the . 
load rccistonoex i t  ..made, from 3 part a t 40# 10 It M*§ k^ohms 
so t i n t  ut the normal, operating point# 'switch"Bx i s  closed 
;shorting  tlx© 16*6 k*ohms res is tan ce  aad switch Sg is .  •
:Qp0n* thus the load resistance is  then J t fe*#i.sf Td-mske 
tlx© £5/X otep increase, in load# -switch 8  ^ i s  closed ftxtoklyi V •' i ^
’.shorting the 10 k*ohms resistance* thus B/r^ is  stop increased 
from 0#2 to :0*£§_.it&& th# current.from l  .i#c. to- 2*g. it* a* ■ 
tod to u t© the 25 * stop decrease to load fro** the - normal -. 
.operating point* i*#*: with closed sM 8  ^ cpeixcd* S | is  
opened quickly#ttas 1/ 1  ^ i s  step decreased from .0*2 to  
-0*15 and the current dccra sod from'2m* a* to 1*5 m*a*
too output voltage o f:.the process to compared with 
the desired voltage of loo,, volts which is  ©btatoed from a 
stabilised .voltage supply of log volts* fwo resistances 
100 l~ohms and.-5 fcwob&s arc connected..in series across this 
voltage aM a double switch is  connected across the.
5 Iswto<s resistance as shown ia the circuit diagram fig*(5*1}- 
which' to connected from the other side to the controller* •
By this switch the desired value is  step changed from 100 to  
log volts giving 6  ^ « 5 u(t) sad from 105 to 100 volts 
giving 8^ 2$ *» 5u(t) * .
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A th rea tom  © lecironicroo&troller i s  M i l t  £ m m
4  o p e r a t io n a l  e s ^ X ifJ U rs  t o  g i f #  th e  v a r io u s  c o n t r o l  a c t io n s  
of proportional*. integral c^.. derivative mt&m® m& a 
sue lag amplifier* flits# operational amplifiers are of ths 
p a r a lle l  feed-baofi; tjpo one of ishioli i s  shorn in  fl&*(5*&»&} 
mainly eomposed/of a high gain &*o amplifier*. 0;h& theory of 
operation  = i s  M io fijvas,'.fo llow s -i:
: m  fig* (£*&**) i t  tlx© input Impedance c r  *ecic& to
the amplifier* 2^-the feedback iiopMtacii* Xg the input 
v o lta wo to  -® m th  * th e  output vo lte  gv to  - earth < sad * A * 
i s  th©. forward gain o f the am plifier* fb t  tra n sfer  function  ■ 
o f th is, o p tr stio a a l aaiplif i e r  i s  i
The negative  sign massif Mat tho output i s  ;of o posits sign  
t o  the .input§ 1*©* the acta .as a phase inverter*
0cast4 n t f thus to get a proportional action in the controller'
.Mo re s is t ,  nets are used iliosc r a t io  ©«p&Xo to...the proportional 
a ctio n  fa c to r  i t i i e h . i s  0*15 i n  oar case*
and i f  _A^ >> I  th is rci~ccs to
%
■ A., low i f  -X|ts.t0 lit m u ltip lied  by a oonat mt* 
and would "foe two. r e s is ta n c e s  rfoooe r a t io  ©go"la to  this
FIG. 5.2-a^ General O perational A m p lifier .
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It. is  Bern Ixooi tig *, (5*1) t t tlie input to tlx© _
controller equals the difference the desired'voltage
cmd'tl^- omtpmfe-irottESi'Of tli« prooese i*g* *0 (the deviation)
thus • taking a© a ose msg^ ohm resistance sad S0. as 15© &~ohas
resistrnico* the'ppopojptioaal-actioa £#e4e«!r obtained will-be
0.150.' ' ■ ' ■ ■ ■: '
■; Jad i f  i  4 to be pajoportianal to the time i^toyr X
of l*e*’8 (s) /.S^(e) i s . prop<K3d?ioixal to I /s  t then.&0
would h® a condenser, ef capacity € eM a resistance B
such that i/BO ecnals to the constant of proportionalit^i
and ’ by th is axrclement In tegral, action l i  c&t&ined in the
controller with X/1G eyuois. to  i* ta i  1 act ion footer ,
%  ^ % %' C-sactioa. 0*2))*
. ihe. integral actloa time was 1 oj theoretically
in section 3#6 as. IQseost :bu!i as explained i s  section 5*2
only one tenth, of th is is  to he taken In the simulator .and
holag 0*15 then equals 0*15 * thus talcing 2± m  an 
* -o-v6 meg^ ohm ’ ? a iutasoe and s as a ooi o^xKsor ©t capacity lOjaf 
fh e in teg ra l action  obtained w il l  b© 0*1$ in teg ra l 0&b*
And i f  Xi ia to be proportional to the time derivative%#
of X  ^ i*e* &0 (&) /  XjCs) I s  proportional to  m * then Z0 
w ill be a resistance E and a condenser of capacity 0 sue!i 
th a t EC equal* the eonstcut Of p*.o*v* vloaality* and by th is
arrangement derivative 00 lion is  obtained la  the controller 
with HO equals to the derivative actios factor r.., ~ ,<, ■ ad
( soonion. p.* 2)
The dori if 6! U action time vas token theoretically 
1 1 ^oction(3#6) m  0*2 see* arid thus la  the simulator i t  is  
t uoi as 0*02 see* | and being 0*15 then £ - « 0*005 ♦ 
ftono taking 2^  im a condenser of capacity .0*02 juf end 
ai t   ^ JLsto&ce of 150 x«*ohm% the derive Live action obtained 
will to 0* 003 40/(It* ,
■ - f 0 be allti t# sum t v  c control actions a sumias 
amplifier Is used, - i t s  'th<. bclrg Lhe aero as tbot of 
fiS*(5«2^a>*; Assuming .various input welt ages I p  *** ite* 
connected to the arollficr fchxoa Jh impedenceo %i -% #4# etc* 
then the output of the caurJLng a o llf itr  w ill be the * jw of 
the outputs xcaaitiag from applying the inputs separately* . .
4 . . : ._ . . . < r n  ... "2 . •*•***♦ - etc' ) S„(s) ■i .e ._■ -10 a -  { ~ { s j * ^ 5) U
coil i f  only the algebraic cam is  wanted then a0* 2p ** otc 
would be equ -4 resist ;rcen thus giving 
' X0 »«*"( 1% + %£ ♦ *«« etc  ) 
thus in the controller taking the camming rtcxcsir *es ' 
and., feedbaok resistance re 100 E-ohms csch-f the met pat of 
tho controller w ill b© —0*15(6 w /f t t  * 0*02 dQ/dt) 
but as explained im .section  (3*2 % 3)# the output of the
controller i s  to include- a constant term of unity* this
can be 'obtained by . d^ustlsc the cured amplifier to give
gm  volt output for $ere input*
f h t .  hi \  ga in  d * e  amplifiers u  * x  i n  t h ^ c o  operational . 
a m p lifie rs  \ x* designed atJX b u ilt  by 1**0* fw aarpa* a 
x c a s s r e h  t? o t h e r  I s  t h e  a v x s »  d e p a r t m e n t #  f M  c i r c u i t  d i a g r a m  
of w  of those amplifiers is  ehovm in f i  *(5*3) from vklch 
i t  is  sees th a t i t  i s  a S ingle  • sta^ o a m p lM im  w ith  p o s itive  
fcodbocki g iv in g  a gain of about 2w0f m i  having m  incu t 
and.output, cathode .follower*, rr 1 j  i t  of high input end 
low output i&pedenceo*
regulating units
1 * I h t *  l i n e a r  r e ,  u l o i i ^ g  m e l t  ■ :
She linear regulcilrg unit* as explained la section .
must ©dtply the process demand of 2 m*a* at sera, deviation
"and V o slept of i t s  oboristic is  to he 2 m*a# per volt* ■ 
thus tiptntodc tube having a y^ m l coaduotaace of 2 ©#&*/v©lt 
aad \Mch can be’ biased to give 2 is*a* at stro deviation 
and I uag a lin ear  anode current * grid voltage characteristic 
for £  I volt change in grid volt L ? from the h im  voltage* 
o Id be re  -aired* • '•■■'■ . ■ '
A (GGIP?) Valve i s  eheaen* oporabed a t a  100 v o lt stab* 
t il le d  screen voltage* e  i  i*h & cathode resistaaea f is te d  
to give the 2 m*a*, /vo lt rut m l conductance required* fhe 
b ias voltage giving 2 m*a* a t aero deviation  i s  about *1*0. 
v o lt itda tt in  obtained by adju .dieg the summing mo l i f i e r  of
the controller to give th is bias voltage with sero input*
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if ur aott^---:afea3?act0ri0ti0 ■• a ia td , f3?m th in  ts I v$ is  • ©bo*
I n  f t e *  ; im © *
°# lb© Tvnontntlrl f©"CLit©tirc ©nil?
■ ©or tlxo exponential recalatinc vJi&t t?h mum pentoAfc.; 
imb# is  tined &&i a fimcfcion koaej^ fcoa? is  used to shsp© tbo 
irM wltr^o in eooardrnoe trifcb th© erpem n tir l c ,rr  eterictie  
rc luirod* The output of the ©«©na&tiaX regulating unit is  
giwn h j  e^ustioa (>*>*7} &© :
1 =  2 0Cec  “  •© n , ? ,
and m  the  pontol© tub# lias a status! aoalnotcmca' ©t -3 &§.&#/w it  
thus tl>e Shdiotion orator muIS be re- uirad to hcvo fr output 
ireltaae , " \  Q, _ c 0O c -  D  'I:.;;.: r;:---l'.U:;:f-.:r..|
"■ ' ■ :.■•■; ' ■ r ■ .&* - ' ■ ' • ': ■'■,.■ . ; : ■
talMlnting the value© of % -to’"thoeo: of '^  
taleor* in stops a? 0*2 volw9 itMn-Oti-lyoitr©©; %fe#: bliaraottri^ti# 
hmom®  steeper tre cot  — ...
6L -¥OltS.V
ft- Voltsm
* ff
0 * w
r%' %4#
 ^uuf
0*51/r
0#
Ofr/r4
*
-± f*v*%i^ MSS
"ii *»vU*<WtWwWi^ i.,i
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FIG.
<>--- -j*
0 0 . 4  0 . 8  1 1 . 2  1 . 6  2
0C v o l t s
P r a c t i c l  C h a r a c t e r i s t i c  o f  L i n e a r  R e g u l a t i n g  U n i t .
TT IT o f  E x p o n e n t i a l  ” n
T h e o r e t i c a l  C h a r a c t e r i s t i c s .
5.4- The P r a c t i c a l  and  T h e o r e t i c a l  C h a r a c t e r i s t i c s
o f  t h e  R e g u l a t i n g  U n i t s .
%  -volts 1 . 4 1 * 6 1 . 7 i . s 1 . 9  . 2 2 , 1
8«, v o l t s 1 , 4 3 2 . 1 ,8 2 2 2 ,0 1 4 2 ,  - v s : 2 * 4 6 0 2*718 3*004
a ^ - o o O i 1 * 1 2 4 I .434  : 1*643 1* 2 * 0 3 2 ?. * 0 2*636
4*496 5 . 8 1 5 6,534 .7**33 8 * 3 6 3 %40O 1 0 .5 4 4
It is  tbeu required to simulate the curve e* versus
;  ,  * *  . • -
0e 'm  gitea by- the tabulated values abortt .8^  o a be easily  
obtained from ©• by .adding a Coiwt&at voltage of 0*363 volt 
■ to'tlit output of the function- c avator#
I t  la- usual' pr&eti&e to use themionio diodes for 
function geaarsfi if' hue as wo are dealing ? d t h  very low 
voltages* germonium diode a are used, the generator is  
designed'an follows*' ' \ ’
;"la fig*(5, 2- 0) the diode'd^ v i i i  only eoi.u b wliea the 
i&put voltage exceeds the bank' boltago % » thus the 
volt ego appearing across R^ f m g X m tin s  the f  orward 
resistance.Of the diode with respect to Jt| i s
txml oiixllarif 'iL  ^ voltage ' appearing; across
' ' fd2 * 0e ~ %2 - ' -■■ -  ’ ! ■ : ‘
* ■ ,  ■■■■ - %  ■ : * „ , - r t o V  ..■■■-• - .. U .
■"•'She sum of these v o l t e s  eaa
he made to follow any prescribed values b y  suitably choosing 
f ^ t  *#» etc**. thus i t  con be mo.de to follow the volute
ef 8f|  corresponding!/ to  those of 6C In the above table* 
Assuming' ? ^ . *** #fo#t Urn as 00 increases from
aero, there mill appear no. voltage eerooo the .resistances 
•until 0C exceeds v^# and then there w ill only he & volin* o 
%1 85: % ** ^hl* -..^tit".;^- exceed# end then .there, will ,. 
he end B t^ m  ®|j £s to have & vain# as
0  ^ lucre usee from cere* then stunt he mad# sera* thus
the sum. of-the volt? es ¥^* **.« etc*! when 8^  has a'
value bailv^i aero s 4  l Wf tgm le 8C* and as seen from 
the fable 0^  for Is only 0*081* thus the sun of.
the voltages can never b# mad# equal t o . 01* hut can he made
. ii
proportional to 0| * the constant cf•:■ proportionality beingiv
at- least. 2*5* fhi® coastsnt la taken m  #* aa It was act 
po^  JUle to  continue the curve to the end by faking i t  2*5* 
thus the sum of the volt e ^dl* %2 *** ^ f®*i to- he made
equal to  4 elk ' .A* *
" ' low the-'curve' w ill start with 48| » 
as ?v.f Is" made sero*''hut a t 8 '«* 0*2 * 4 01 ^ 0*52 fromw«4. . .a  ■ *
the I 1 la. thus the second’diode' mu@b conduct? adding a 
VOlt ‘ ~ % a » tb ®  ^  * ¥^2 « 2*c -  7b2
i*e# 0*52 a? 2s: . 0*2 *»■ . giving ss 0*08  vo lt thm  a t
CL «s0*4* 4§l w 2.x 0*4 «* 0*08.* 0*?2 giving 8 | *s 0*1S . ^ .III ill
which is  almost the sr*® as given in the table*
** 3LO0 •***
i t  "8_ - »■ 0*8 $ 40* w 1*2■—-0#OJ « 11*2 giving 0* w 0*28.o ■ a . 4*
r which is  less than- 0*302 the value given, 'to the fhhle# ■
thus the third diode. must conductf then .
4el  s  %1 * L a  4 %  a ®e * ®e * f b2 + ®o “v*3 '
53 pSg O^* .08 -** ¥-|^ 2
i*e* 4 x 0*302 « 3-X 0*6 -  0*03 giving '■ ,':’'*»v
%  3 °*5 w l t * th€a u'u - 11 3 5 val°0 sf % 3  to  calculate
01 at • (La o#8 s*v 3m.i wS in
w 3 x 0* t — 0*08  ** 0*51 3 S . 1*81  ^gi%Jr
81 ** 0*452 which in almost the Mmm m  givon in the table*41
But at %« I f  4 01 a 3 «* "0*08 -  0*51 * 2*41 ■
. V*
giving 6 | *s 0*602 while . t o  the table If is  0*632. 
thus the fourth diode r ~,f conduct.* then
40j| a * f'^ |g. if* ■ *• '» 48^ — 0*08 -—0*51
1*0* 4 x 0*652 a '4 ** 0*08 — 0*51 S-Ivlng
0*88 v o lt 1 then using this value of to  
calculate'81 &b.€L .» 1*2 r~ a its  ini'*
4-0|, » 4 s  1*2 — 0*00 •*■ On51 — 0*08 -  3*33 giving•
8 | a. 0*842 which i s  le ss  than the corresponding value in  
the ..table 0# 0a>3t thus the f if th  -diode muut conduct adding 
a voltage resulting to ■■**** » 5$c *■* 1*4? -  wher#
1* 7^ & ■* glvlsfi « 1*12* thou .if th is is
used to calculate 0 | at a 1*4* i t  w ill not give the 
tabulated value end thus the sixMiode mist conduct whose
back voltage is ctlculated to the same way to he 1*31 voltM'J
fhep^o^dm re i s  reposted fo r 0^ » 1*6 re su ltin g  to  the 
addition of -4^  with * 1*4$
j;<r» i f  tho next stm- of t h i s  taken 3U8a then with 
7 diodes *0* a f  * 1,8 -  5,53 .*• ?«22 ( is'hor-s 5.58 am,, ^isf 4 . W* "r * ♦
too * £ t1$ i t  Is thus the caVo. diode itust •
conduct adding a voltage V, *^ hut calculating ,tha hack 
volt v,o of this..diode f^ g 2 roa .
7*43 s a s  w  -  5*ja -  
h a  '» 1*59 which iso ant that? 
the atop of 0 s? I*6| but this-has already been fixed up 
correctly without &g*to r,-.'! ■
m m  after 0. «* 1*6 Valors of d* must bo taken to.V . . V
steps of 0*1 v o lt i as the  curve i s  becoming. more steep 
and more than cm® diode is  required  bebwoenthe 0*2 steps 
of 0l after 0* ccuraspoadiag to 0* » 51*7 is  1*646#V* ■ *> *¥ S*
then 4x1*646 « 8 x 1*7. **5#-3^  **%s giving
%$ ** I#®-# the- procedure is  then repeated £m  tho 
rest of the. values of to the .■.-.table..giving ¥^ g ** 1*75
% 0  « 1*86 » VM1 3 1*9? *%2 53 2«06
§he brolcea line curve obtained is  shown, in fig* <5*5)
from 1 ach i t  I s  aeon that i f  the points of tot theoretical .
ow reare  Joined iojcid or# too resulting curve w ill almost
coincide with tho broken lino ono*
fh t  actual c irc u it  diagram of too function  generator
10
8
6
—h
2
0
o Q*
0
oSI
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o-SS
0 . 8
fj i  /Si 
1 .2
MS /.4/ /7f /.&U <rJ V,
1 . 6
FIG. 5*5 The D e s i g n e d  C h a r a c t e r i s t i c  o f  t h e
F u n c t i o n  G e n e r a t o r .
11.1 -**
i s  ©bom in fig* ( 5*6 )* £ro& uMch i t  i s  sees that the heels 
.voltage are t risen from om  supply #&ing divider resistances* 
Ito resistances in * ilea  vdtli the diodes are.a ll taken 
■ ©qua! .*«<& of 150 I -o?u c* tuis value beitag ctoses high to 
hoop the current saell go-that the bach voltages ere act 
w ^ecbed# Tue voltages across these resistances %a , ***
rote# axe then su»e& by a cunning ra^plifitr* the Burning 
u i.resislances being chosen M it} 3 laeo-oh® each* so- that they
-x 4 do ■not-.hnve a chunting a ffe c t on the~X50 k**ohm reol&taaces*
Jfh#i.feedback..resistonco. of ....J^Juumiu , ^ p liiior A@ta*en 
!b«*ofms so tin t the on spot io  e*. instead of 40*s - ■.— - ' ' ' ■   &ic    -'  - • JT-S *f *■ ? '" v ' ? • ! ■ ;  • "V.
j 5 | It rhould Jb© noted hero tbrt tho volt ago named •
.Ma| a r r a . a e f  are not only **# ate*
-< vai +: viP  + < %a * ?t 2  n  ( V4 5  •*■ % 3  ■.?;».♦« etCi
4ie: fchc^ e arc the voltages between the point a 'where
oirnu ng; x0sistaac#a:"EXte:"caanaatodJand• earthsV':..- ,
\Thm the outputj of the Burning • amplifier vdll be -
; ! + i  .
;affib aa tin fuaefcioa; generator i n required;,.to . give, an output 
;.©quaiB to  6p i#c*. /equals t o ’ (6^ - + 0*3&S)» btas the quantity
■;l/4{ '^ 1  * i**- etc)* vhloh 1$ a ccmtssb equals to
33*15 volts { only i i  die V f  next anal end is  core)*
1b to be reduced to 0* 3S8* this is  dome 'by adjusting the
m
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the amplifier to give this volt at s©ro input#
Xha negative rif$i i s  then corrected ~cn by :• ; using mother 
operational am plifier as a. 10 Inverter as shorn in  fig * (5*6) 
f i i e  f - e t m i  c h a r a c t e r i s t i c  o f  t h e  e ^ a a & i t i & X  r v  ^ - d a t i n g  
un it is  shorn in 'f ig #  (5*4) toge ther with the  th e o re tic a l 
C h a r a c te r i s t ic *  bti€if n u m erica l v a lu e s  b e in g  e crip cured is . ..the 
following table*
...o 0  v o l t s .;.
im* a* t h e o r e t i c a l
0
1 ^ 7 4
0*2
0 » f
0 . *  .
n r
.^•tfiyoWBEtfarwuWil
. 0 , 6
1* 3 #
0 , 8  : 
1 ,6 4 .
' . . 1  . 1*2
2 i j
v>
s♦ 
1
fH*. 
1 | 1
u--
--
1
I  m*& p r a c t i c a l 0*?- 1 | 
|u«
l 
1
1 
* 
’ 
I ' 
' |M
*
1 
1
* 
!
3-* p3 1 * 6 5 O4s*& 2,45
'e volts
2 is* a Pr&cfc,
1*4WtSntf »
?.S3
.W * 2>
i*e i . s
4*43
"4*42.
2
5 #44
5*35
*$ * 5 Th0 h 00 order
the m '&pm m  of the simulator* whose various "parts 
h ve been &* eiibed  in  the l a s t  3' sec lio n s* to a 5 vo lt . 
cl vosge im the desired value and to a 25,)
and doorcase is. load* using the l in e a r  r d the  exponentini 
regu la ting  u n its  and varicme control' isodeaf was recorded hj 
m  m 1vexrhed Duplex H.uie& Etspona© Bseordo? * type %U/®3 
with, am plifier unit. PA 16L*
' the record r i s  connected i s  se r ie s  'with a 100 v o lt 
stabilised voltage ©cross the output ¥ of the process* 
as sees in *ig.<5.1>, so that only ©0 « V0 -  100 la xooordad*
f h ls  im tx m m t  is  & rooordiug voltmoter with a very 
rap id  £®®pmm m d hm  & very email pea to  paper f r ic t io n  
error*' i t  f a i th fu lly  records cine  vcvo voltages v a iy in g  
from 0 .to  10 cycles/*: cc* with a maximum tmplliu&e of l*5rl 
peak to- peak*" ■"■
lO T tatigatlag  the th e o re tica l curves Detained ia  chapter 
(4) shows th a t the frequency of o sc il la tio n  is  only about 
fv l^  elea/neo and the r is e  time of the curves a t the ©tart 
dosc nor exceed 1 sac* in  the sim ulator those arc 1*5 cyc le /s  
and 0*1 see# respective ly  because oC th e  reduction of the 
time scale in  th o  ratio io  i lr; flco i l ia  sensitivity of 
the  recorder w s fftiM  to  be 2*8 chart d lv isieusper volt* . 
f ta s  the recorder i s  see&to be su ita b le  fo r  our sim ulator 
and p ro?ci lto  be -cpitt ** t io f  jsto ry*
la. the photo^v^h of tte  ' 3-if.ulator Xiu*C5«?) the recorder 
vith i t s  smplifitrunit i s  seen to the left* to i t s  right 
is  seen the function generator*- th is the operational 
mplifiera* the constant current generator and Hi# process* 
%h#a fina lly  to the right are the power aupf>ftes*
FIG. 5»7 Photograph of the Simulator
r'H
»e(S> »
X& ardcx to clificit tbo accuracy ©f-the-• simulation 
t 1 w response of fea ' i l  ultted i f e ^ r  k  uX* ting.unit-aai 
prooess determined Ter & step input* !Ih@ ■ transfer function 
of these Z parts:la  fee tm n  of differential equation is  
givea fej equation (3*4*5)v it if ; ^I!C§);representing the' input 
/£ X t^og &■ step voltage of O^X'volt: then, mans putting ’:
*■ Jr($ ) w 0*1  m ( f f e  i n  equation (3 # 4 ~ 3 )  resulting i n  
CSS*5 ♦ £10*5* ISO ♦ 1 ) ©0:« 10. u(.$) .*♦»■■ (5*6-1), ; '
flia L*l* of th is equation, give®
-  " "  ; ' f e &  , '  f e . , .  . .. ■ ; ,  . , ;
i( b?  + 4* 2 * 3 * 6  *  ♦ 0 * 2 )  .
fh ta  getting the. roe* e of the charesfccriotic equation fee
• inverse iraimiormis found to be .
s0 S 1 0 -  0 . 1 WS e~3<> 035915 + o, 1,5 7 % e-1* : :
 J  '■• : I0 .? a »  e-O.OSSSSt ,.*(5.6-2)
^quatioa (5#6-2) ol*.o saafeo solved easily-b^- tho- ■ 
'nUfflerlOal iaetbodi '-as th is  e uafcien-is. Misllar .td..equation _ : 
(4*X...4L)...with. 10 u£t)/instead of- -45^* tto s  fee ;
equation c.^ uo X *ueedf 'from equation (4tX-4). to .be-
c^sx* ^ « * . b / a  0 ^  x*-X 0^2^  .^ 3  ** ^ ^ o n —3 - m ♦C5*'>'*3)
i&ita the -constant term 8€|^  s..instead of .the 6s In. equation .-
{4«i«&} and that results tm m  .taking tho ( m l ) ^  term
of feci product 1 0 ( l * 3 | i 3 i l ) £ 0 * 5 f l * i f  t*etc*)  end then
dividing teg m (%&*© & d} being tfeo came a£ glimii teg 
■equation 0*'1«*S) '.**.* b wm  tmtei ss 3/4 £ m  tto  first 2- ■ 
eeoaa&a then Isoroasod to 1/2 far t ie  next 1J , * os* aad t t o
to one usoosrnl for ;th# mxte- MQ sees# U’ho xe.m^sios mqm^icm f- 
thus.# 3 ¥®luos o i  ^ art for  ^ » /
«*- 1*53 <^^2  ^ \
the eoMt&&t tc:rm; t m  the f ir s t  foe: ordlMtes fc»©
JTl  ^f  * CS<hs o*ooia, o.OvS.;* a»oi56 •&. o ,ex^  «®d for 
eoa * 0.109? * U6?4S0oa^  ~  ♦ *  0 7 5 5 6 ^
for  ^ f  I ; ; ’
eto» 0*4969 >..l.oa%35550 f  • - -P .Q i^ W a  *o.Q530*r -3 J
.the following table sm tpcrm  th B -m sm rics i t l ie s  of 
TOM Ordlrxoice obtained from tie  jlVJ* solution, glw^ fey v tp*. 
(9*6*2) and the numerical 00lo ti u*3 ig the m g r  im  equation
: ... :. ; =
■f 180S 1 ’ i  5. ; : 10 K 20.. 25 30 35
Bm sm utrieal .
. A/y>
1 .997
4.061 5*593 6.730 7*575 S. 193 8*664
4* ~'<&y 5*605 6*747 7*3J? e . - i A 8.672
& phot® copy of the rtoarcl tstea from the simulator 
roapaas# to  tfei© stop tn*i»fc i s  shorn in  f i w«CS*S> the ehort 
.opted «as /  per second* *> c ealcuX u*,d response i s  d ram

■§eaie/rttaoed 1 *e* toe ordlaate at.-
t  .m M  ia  t h o  t to o tto io a l cm te  corresponding to  th a t mi 
% ss i.in .th a  record* Coapaxl o sshows. simest/^x&otragreement#
The ' response'. t o  the."Q'gm' jeep having toon cheeked 
i  to ' ahxiscssri *jLth the theoretical results# to 
us t* an d o  .#4" ©to toe eloped loop raapoase was 
recorded# too to copies or the record# ttocx are toouir 
fig*($*9 to  16 )♦ a o 'f i r s t  ic r r  f ie r  jc * clwv the :r§spotiB# ’ 
to  5 -jrolt step change in the desired a l  h  the records­
et i to Ito  each cor^-M *~o^ o using the Itocrr tod cutpo ui>* 
t i s l  regultolng unit 3 etc put together* The ether i&m' f t n ^ m  
show too reaper??© to  25$ etop itiorsase and decrease la  load#
The e j opood used for a ll  rtetrta to to/sec# '
' ■■ . ' f t  to  sM i to" corpora too practical mrveo with 
tto  theoretical oaos# the theoretical curved''too dr&&n cto' "■ 
rtho ssiso recording paper'to ■% 'sea l# 'm  toe records
the paper lo tos s iiffio toatlf -trKioparcrt i m  thorn to  -to ■ ' 
suporpo :to and thus ■ eoaparto* toes# are put' to  a pcchot et tlieoad, 
■ Comprise*! to t  rca the theoretically  obtained eui\c * 
r to the a# •■ out a tried from the si diet or chow & too at exact a
agraamaat ©accept -to 2 curves# these are tooee of fiii(5#il^'l>) 
and fig* CS*X2**h) vMch are *, w response t o '5 Vdlt s te p - 
lacrosse is  the desired value for tlx# txpoatoti&X. regelating 
unit under proportlossl * derivative control node in case
■if fig * (5*11) sa d ' propoxtto hi * in te g ra l derivative
eoi urol iaoio in.e ^  of fig# 0*12) '*
This i s  due to the presence of derivative action torch . 
i s  piopotoionaX to  #9^tt f cad aa d hos a stop ab two 
(Cb§  ^ e. ct t«o  } then the derivative  action includes 
m  impulse ot t»o * Thus theoretically the derivative action 
attains on in f in i te  value a t t«o f tu t  as l&s i t $ |  function 
practically trices a f in i t e  tine# then t *v resu ltin g  argulcs 
w ill also  hove a f in i te  value * ihm *1 t  in value \ i l l  s t i l l  
he large* The regu la ting  u n it rcro  designed to  give the 
required  chejrctcrjecie only ever a U n ite d  ranga hsivcon 
m 0 end 2 volts# thus i f  the. c o n tro lle r  output In • g rea te r 
titan 2# an in the c? se of derivative action. , thon the 
p ra c tic a l jx *. cr u ccn&ct 1# in  e r e t  agreement with the
th e o re tic a l one* ,    , ■ :
With the l i r a  r  regu la ting  in it#  however# the pentode 
take used gives a l in e a r  tocuneferir fcio up ..to a  2*8 v o lts  
tfiA&s why the response cl*tmined io d o  to the theoretical, 
ont* M t with the orponoatial regulating unit# the function 
g en era lw a s  designed to v f *J *e .the exponential 
ch t o ' t e r i s t i c  up to  ss2 mud a f te r  th is  the enrvi•V"
l in e a r  ©M th a t i t  toy the  p ra c tic a l response in  these two 
oases fa iled  to. r is e  m- quickly an the th eo re tic  X *nryoaso*
a) Linear R egu la tin g  Unit -  S tep  Increase
fc) Exponential Regulating Unit -  Step Increase
c) Exponential Regulating Unit -  Step Decrease
FIG. 5 .9  Response to  5 v o lt  S tep  Change in  the
D esired  Value -  P rop ortion a l C ontrol Mode.
a) Linear Regulating Unit -  Step Increase
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b) Exponential Regulating UNit -  Step Increase
c) Exponential Regulating Unit -  Step Decrease
FIG. 5 .1 0  Response to  5 v o lt  S tep  Change in  the D esired
Value -  P ro p o rtio n a l+ In teg ra l C ontrol Mode.
a) Linear Regulating Unit -  Step Increase
b) Exponential Regulating Unit -  Step Increase
M
c) Exponential Regulating Unit -  Step Decrease
FIG. 5*11 Response to  5 v o l t  S tep  Change in  th e  D esired
Value -  P ro p o rtio n a l+ D er iv a tiv e  C ontrol Mode.
a) Linear Regulating Unit - Step Increase
b) Exponential Regulating Unit - Step Increase
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c) Exponential Regulating Unit - Decrease
RIG. 5.12 Response to  5 v o l t  Step Change in  the
D esired Value -  5-Term C ontrol Mode.
a) Linear Regulating Unit - Step Increase
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b) Exponential Regulating Unit - Step Increase
c) Linear Regulating Unit - Step Decrease
d) Exponential Regulating Unit - Step Decrease
EIG. 5.13 Response to  Step Change in  Load.-
P ro p o rtio n a l Control Mode.
-— I- T
--7
—N -4-4—
— N
— V'
k—1
a )  L i n e a r  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e
b )  E x p o n e n t i a l  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e
c )  L i n e a r  R e g u l a t i n g  U n i t  -  S t e p  D e c r e a s e
a) E x p o n e n t i a l . R e g u l a t i n g  U n i t  -  STep D e c r e a s e
RIG, 5.14- Response to  ^5% Step Change in  Load -
P ro p o rtio n a l* In teg ra l C ontrol Mode.
a )  L i n e a r  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e
b )  E x p o n e n t i a l  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e
c )  L i n e a r  R e g u l a t i n g  U n i t  -  S t e p  D e c r e a s e
d )  E x p o n e n t i a l  R e g u l a t i n g  u n i t  -  S t e p  D e c r e a s e
FIG. 5.15 Response to  a^yo Step Change in  Load -
R roportional+D erivative Control Mode.
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a )  L i n e a r  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e
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b )  E x p o n e n t i a l  R e g u l a t i n g  u n i t  -  S t e p  I n c r e a s e
c )  L i n e a r  R e g u l a t i n g  U n i t  -  S t e p  D e c r e a s e
d )  E x p o n e n t i a l  R e g u l a t i n g  U n i t  - S t e p  D e c r e a s e
FIG. 5.16 Response to E5'$ Step Change in Load -
5-Term Control Mode.
/& any process control loops havo distorts ~%clovltr? -
iaip  m  * Xl v transfer Xags^  a dxotnnee #* -velocity lag. i s  
Introduced into the loop Investigated in the r rc v ia w  chapters# 
AlcOf eo practical xcgulctirig m ite  taro limited xmgoa$
ths aifcot of cittr^Eaiiiiag the rogalatiiig tmite ia considered*
€ 1 hhe Jroaeneo' of a Idte am incite £.&•;* in the Loop
In fcho last 5 chaprar 0 a control loop vdih 3 tm c fe r  
3Uga waa Investigated aheadn$ the c£Xccfc of m  estpun-entUJl 
rogule&teg. iniit ia  co^poxlaoa ?:ith a, lim m t- mm w&®% 
v&riouo control notes* ketiiy process control loops 1 avo 
diet' nr e~velocity Irga us m 11 a 3 tin as Cor lac's* r i  
either feor, v&thin the process i t s e l f  or Introduced by the 
mensorenont ajstca. .. . h. ,
Having Icon cdia by the aid of the ncteiieal. od . ' 
to smlm the variouci kinds of. 4ifforen&ial eearties% H atsr.
*** 1X9. * *
and uoswilncsr* Inirolv'ed Xn tha previous iiw estigsiim a^ i t  
would bou to ia r re s t in g  to  iuureotigato a loop iiisXailrg a 
d is tt^ c^ v o l ocl by lag# ^
iia cn o r - p lo  of the  t r e  dannt involved a itltoance-* 
velocity  lag  of 0#5 soo# has boc-j added to  tha  5 stage 10 
process naoi in  the prcvioito x»vcsti£nticsx5|i"' the  lag  occuring 
between the out pet ¥ of the process and the d if iV  znc&A - 
oleaetiti -see fis*fl*2-3* thus it can he considered Mthen 'diio ' 
to  the proeaa# o r 'to  tho detecting  cleaved;* CeJXtog the 
:eufprt? a f te r  th e ''d iitan co w re lo e itj lag  f | ' f th is  non 'beoomee
: t M  o o n t s ’d l l t d . . c o n & X t i o a *  t o i  i !  a  e  X  * i  i n  v *  . a s  ' 6 | v
tliea tM  'reX&ticia ie trcn u  S | end 6^ ( the v a ria tio n  ia  f 0^
ia  trch that i f  and &«*? lag »0*5 ccc*
• then a* «« f ( t  -  0i5)u(t»0#5)
toe nultip lioation  by u(b^0*$) tmmn tlm t 0|: i t ; eero be fat#
% «. 0*5 gee*. ■:... /..(.
®  i f  -  e»(a) ‘ia  -the x * f* .: of e*  " 7' ■
n o A .  ... § o ( 0 ) . i s  t h e  X * f # -  o f  a 0
■ t h e n  * * d ( s )  «■ % C ^ 3  t%*? *;
* V ~ real? of tiio I trp  i s  to o t u to  ngcds ttieii 
tho apem loop v 8 ~ toons 0*4^3# ■% 3*-& 9) w ill t>© uaeli.aaged 
and i t  is 'o n l ;  s. * closing  the 3oo> ** ■> s. I rr te to t of S being 
equal to  (©0 **■ 6^) i t  w ill he equol to  (©J <*■ a^>*
. d c -coast eat i  equations titti p o?vtiea&X cn*urol 
*3 ado will be considered end tho proportional motion £ otor
w ill be kept unchanged i t  C#l5«
: - :' fbuo ia  equation. (5*4 **3) fo r  th e lin e a r  reguiatXng
to it  J t i )  ^  o#15  ^ f d  0 » ** ed) wa get
■ c 5 i f i  ■# p** ♦ 13 *) #■ 1 |  ^  *45(i^ **■ ’*■##
Jh® l**f* of this equation ia. ' ■-■ ■- ■ :  ^ _
< 5  S5 + 21 8a ■* I S s ♦ 1) 80(@)s -3.5Ce»{ ) » 04(a)) .,(6 ,1 -3 )
substituting the value of 8^(s) given by aquation (6»X*4)- 
in equation (5.1«~3) end 3U ejenqitxg arocults in \
C5 P+ 21 s V x a  E ♦1 * 15$’*°*5Sj Q ^ Bys 15Sa(s4:,**»*CS,lV)
jio*.*; cx!:-eMias e~u*?s ^'>*1(3 ti, -a
-0.5a , ,.. e3 ,5ar , . { 0 . 5 ' ) »  .
. . .  $*■ I . . . . .  ✓* .
oubefcit^fcias th.it in  equation (£«X*4) tahirc o~ly tho :
t i jvna up to  l i e  t  3x1 pore a o f  :e  reso
0 \ *s I s*.
4 . 6 S7 5  r 5* U2 . 2 7 5  sa +■ 1 0 . 5  -a +
a un i* t  f c n g  ia  it iv  * a im A  T a k m  lie *  
m l / s  th is  becomes: ;: ■ : v ■ ■ -  -
■"' ■. :..; -. :. ■ •-.■ 7 p . - - '. ■ ■ ■ • -
B ) «? ... . t ' . ..  . ** .". . _ _ . ,  ^f # #
^ ^
E\t** *¥ 1 * -*>3 0 4* ^*34 0 i* 3#4l3y
getting the- roots of the cV xrjstertfctic oqueMon* . the 
jUr^xno X**f * at £G* X~6) ia  found to ho
0 0  *  0,9375 -  OvOjfl? e“ n *1^  % V
: 0*9722? e“0,XSiC?fe Ub(0*03027®- 1 U 03 2 * ),,,,
<S,1~7)
fhan: cm oxplr&nod obcvo i n  4h® t o  elation vetoeca end .w 0
©a.t 'M  tom  be" d irectly  dtdmntd fro©' m$Q' ■ . v
#. 0* 93?p -  0*f 3 hto? © ? c v~s/* J )
*  0+97&Z? iT0* 165C?<t~0t5iia(G*S502?Ct-4)45)-lll^-
. *■ **f =» C b* X-dl )
fo r  t  equata ©r ©are than 0*5 sec* &$'©* « © 1 xo:© r  I * 
fliis  B^vptim the  rcspon.ro of the loop e o n ttln in g .
:Of5  ^ % * XMf ,ln j to  a. step ciiinGo .ia the desired m l m  m to 
th s  lin g e r  i^gu la tlng  m ib .aad  proportioncX control J&o&e*
: . iithovgh i t  was possible to soXim equation (5*X~2)
by the. X*opXaa© It* *js£am sicthod i t  in  not alsrnys possible to 
do. ©0 v.lth * w© proscneo of a  IMT Xo£f as i s  our e$?S3 t!:q 
e*v .©ion vf 0^*5° converged qnichly cmit.©w*J xn power 
of i  g rea te r than the 3rd wore neg lig ib le  ^  hut i f  they were 
mst negligible# thorn the Jtolh aoxutlon fo ils*  ■
G* 2  f V r i ^ ^ i c a l  2 c l  ti fc io n
1* linear renitovirq unit -: . . ..
Venxition (6*1-2)# reived-by too bff* show# w ill 
ho solved suscrlc:!!/# '. ; . ■. . . - : : : . v ■ ;:
plVot IBg 8*.  ^ ( ©0 *» -.';: . - $ $. *. #.# # :. •; .. ..'•;; ;(6*2*—X)
in  c v i i id s  (6*1-2) re su lto  to. „■, : . ■ -.- ■• .-
(75 to  to 21 Xr *-1.1 I) * X)0O■» toge1- ■ tii* f ,:  - v.: ,.(6*8-3) 
WMs equation i s  the sr~mo as egu *1 x ( % l - l )  with Q1:..;; 
in stead  of €# thus the :C% i-3) oaa
he uood with df m  glvon by (6*2-1) in s tead ,o f 0* .In th is  
case bi A e$lcul&tia& of tot# o rd im tes  of w ill n^h toe by
tt cumI cjri’O’” as before* leecuoo ksesirg  to r t  €|h equals 
ic*re tip to  vs*0«5 s#to # ;il;i n in  toils period 
i to thus the ordinates of to in  th is  period w ill be to -. .■ u
e to toted direct |y , For example taking - . . .
. 0^  5 ti( t)  » 2C6*5flfl*l *** etc# )_*nf too ©****2# 5# 
to a a i s  too f i r s t  coIujsb of the ta b le  shown in  *, to ioa 
(4*1) fo r  ordinate ca lcu la tio n  61 » -2*5 then £*, 1- *.j-i. \ rf#—x
to-p.-aro <J1 sere# .
a.
%n ® -0* G90574 % -2*5 -  0# 041$» then in  tiia second 
column ** —5 (to ito  i s  tten ordinate #£ 0  ^ at to <5" #§4)
^  5aL l  ** ^♦5to tE#li %*2 & ito j am str% and 2*544*5S0n^
0 # v  ^  > t h c n ,  '0 o l ^j> v i  © c r ^  t h o a  w e  g e t  „•, ; q
■0^——0* 000574(—J—/* ») 4" 0*0056 «*■ .0*0100 1 and so on 1 )
■to to 0*5 fears 6 | stasis to. I ** u a, vtoue cto then
©*. a* .totit .too- ©rito‘;tos©£ e | rxe these cl 0O
s h i f t e d  b y  • 0 * 3 s o s *  * ihon t h e  .o r d in a te  o f  8^. a t  . t o 0 * 5  '
equals k d  of to a t .- to o  * tou.i th© a. to r to i of 'M'ln ’o o
the period Xros tod*5 to  t to  are alrtndy Uncus s-> they ar# 
the or&lziebos of §0 calculated in tot period frora too 
bo ... to0 t5 i :thu» th© oxdirotcS' to feg in  tr o second h a lf  
. second can bo calcu lated  dlxvcfcly# ttcne s i l l  then bo tl\o . :; 
ordiactos to ..i|;.ia thtofelrl he If second rua 0 0  on*
I t  i s  seem .from the tow n e* ^ n o tio n  how oner the 
rntnericto rlntoofi i s  in  t to O&ro rbcro d in t one e-vol oaifcy lag
i s  prasexito 'Actually the Introduction of  ^ ® distance-. ,   :
Velocity, 1^  t r i e  .the annexlosl so lu tion  t * w ea&y than ■: 
without it* : la the followtog-'table it--is sIiowe hew the -. 
» > rlcal solution i s  started* S being taken an Jo fro*
which i t  i s  se«n to  t  the f i r s t  four values of M or# ssero■ oa.-
m  tlit. time lay i s  r%5 J V.C,* and d $s ^ # ■ t ” n0  in  th is  . 
period-'6* then a t to  0*5 s ta r t s
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o.C the orclii* te5»
'if $*. calculated from tfe# £*$*solution oiven ly  equation (6*1**$) 
and ti'orz tho numerical so lu tion  ^hearo the to  #>~5u(t)
i#  c J,cui&ted$. tho -ordinates aro then divided by 5#
t  s© o* • o . 5  . '1 : 1 * 5 . 2 . 2 , 5  ■ ?  ' 3 * 5
4 n  ^  i * 1 * 0  ■ o ,  0 5 0 7 0 .  - " 1 3 0 . 4 4 1 0 0 ,7 6 2 4 1 . 0 4 3 9 1.2722
n u n o t u c d l 0 ■•■■.. .0 ,0 4 0 9 O , 0 l t o . * , a i 0 .7 S 2 3 1 , 0 , / 3 1 .  A S
t  L>4 v *  • ■ 4 ; 5 •J 7 3 9 t o
l * 4 Q5 /f .1, » 5 3 2 Q I .  : -* * o * 7 9 ?A. o* — — J 0 .7 5 2 6 0 » f » 6
6 * r n a r e r i e c J L  
Cft l , h ( & 0 1 * 1 -  > 1 * 1 0 0 2
0 .7 3 3 5 0 .  6 0 2 :1 0 ,7 2 6 0 0 , 3 9 :3 1
It is  notiaol Im m  thtch the numerical, relation asreea 
almost teai U; with the 1.^ 1* m X v& im  w  t?$ t«# sec* aad 
after that the solution nperoaeherj. tuo eteacly stat$* ■ 
tho ordinate^ of the numeric©! .eoXutiri load to' 'be always 
Id n ihra the or&inatoa o f the ,L*f* aoluticm by about 0*6 ;T* 
wlila the error ia  th. norerioal solution ia v a lly  less  
than. 0*2$ * ThXM ' lB  dur'ta the acpprci I^aatioa rude la-tha "' 
.Iitf * 'solution %hon i s  replaced by ltd oerynGioa in.
of 0 up tenths third only* '"■' '   •'■
£~ -rorr^fjal rirrulrtXry unit.- ,W'-J' '•’• - —W?4lwr-^p.(«jtr     “          
’Hm equation fd# tlda'eats# ia aht&iiwii from < udion'
0#4«4) by pu tting  ICS) «# 0*15$ 9^6* *. 0 | ■ re s u lt ! 7^  i a
C 5 » h  ail)2* is  i) ♦ i )  y  iob(0~o»15^y~% } ~ i  ),,»cs.a-3j
Ihea putties- 9**  :^ 3 Q f m ^ Q* m ® l r ^  -  l)* o .* .;(C . - ;)  
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{ 5' 2i 1/“* IS B f  i)  0^;^  •••##»*#(«* 2""5)
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by e.urxio*(£*3-4)# thus ILo procedure of' eaiemlatir^ the
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oC t,!.u„e w  :&c?@ fXo 0:?x: -hlfirX h/ftf a CocoaA#
fhe «s|5m s# to  Jv (t) c2 i l  -5a(i) 
osCLculttlcd, fe e  e a r fts  ifxtcJaod avo Xctn;a :m f i^ t ( 6 * l)  
toaothor t . i ta  iho eja?vo at thx Xiaoaa rtoulaXl^c; trait;* 
flie im icr iea l vtduoa o f the or-uiiiatcs r;;ao tabulated  i;a 
 ^ t:wXa (7)* ;
: ; - ■ 2h pasaliim  m l f a s  ! ia » ' a I t o t i  rca^t; Wt:e
which the output i s  a faaatio*  of bh* ooatiroX i.airat toA 
at a acretoin i-Xnixaxs i;pout the t  2  ^ is  tulip ' cior.cd,' tfetis 
i f  the input U x o « a  leca  thraa tM a ainiiasii| th# « l f O t  
a x  xvartain r t  th a t of tha IVXXp cloaed position* *Xao 
al" a aaXrio. aarri ?a: ir ju t  to  3 v e lv ;  i :  fa l l ; /  opsi o.oOL i f  
tltq tM a miisiimia tls# wtp$& rXXX;aaxx\in istr
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FIG. 6.1 Response to bf> Step Change in the Desired
Value in the Presence of Distance-Velocity 
lag - Proportional Control Mode.
(a) linear Regulating Unit - Step Increase.
(b) Exponential Regulating Unit - Step Increase.
(c) ” n n -Step Decrease(Reversed)
X ?  r
sjyotesi to  cope with a l l  the  lik e ly  liras i t
would bo interesting to know tho offset* of owr^rru i^&g.
tho valve m  t ho rocpenco of tho control system under
,  Investirration* .
. rto  controller output io givon bp equation C^-4-)
tlB » X ** 1(0) ■
considering tho  normal operating p o sitio n  a t &ero deviation
uidv.oy tctwocn the fttllj open ani fu llj  cloned positions*
and tka iulXp cloaod position at a* then t ho valvo
rungo in our ease is  between $0 *t 0 and » 2 v o lte  #
thus tho rc valeting unit is  considered to control only
for f<0) «- j; 1* Xlatn in tho proportional control aodo#
the proportional action fa c to r  bedne C*l5» tho psroportxbriwi■ • - .■/#•• 
band la  then eouala to 2/o*15 ** 13*5 volts* i*e* 13* JW
an the &oe:L 1 values « 100 volto* Xhun the deviation from .'
the operating point under Broportipaal. control eodo should •
- Bob ccrccod 4- 6*0^ ; ' n ■ , ? - •' i ! - ■•w*m- 4 ,• .
' "V!r^  v floe ia. oolou lating  t t e  rcep<mo to  step  ehango 
an the deolrxd value noro 1;2«i G*G/ tho a d w v  lo a  of the 
; regulating unit;& should bo taken in to  recount* Ixx section  
M )  tho roapcnou to  IQS step  inoreano and doorcase in  tji®. 
. desired  vduo won ca lcu la ted  fee tho %:zpmct\hial regulating, 
u n it hare i t  w*co considered th a t tin; range of t  c '
regu la ting  u n it ia  not lim ited , now the sa tu ra tio n  e ffec t, 
w ill bo on JLr^wl. f o r  both l in e a r  end exponential reg a l ?1 
nxdte*
***- I  *  ^
X u n i t  . ..v..
X&.&catio.? (4*1) otjustlaa (4*1-1) fo r  tlia  linx, r  reg- 
ardfc vos solved nitfiorXosll^ fo r  0^ a 5^Ct)f now tokxB2: ■' - 
5 X0’ &<t) f  "liain. th  fs&e tho aatti» tio&  e ffe c t In to  
/sooftm l th e &i&3 £$£&cuzXoxl carnations (4*1-5) aro uaod ‘0 0 X7  
. . ' t h r t  in  these ehuidioss M?Xd iiot c:toool ^  G#G$ to
ml:a thlo Icar, tho foXloiuLn  ^ trhlo shows how the olva^oi 
, io  started
t  see* ■0 e a a s  ■ 0,25 0,375 0,5 0.C25 0*75i
» 
i 
# 
I 1
: 
s
4*99?1 G*66S? 6.GGG? S.GSG? C„G56 7 S.635? 6, 660?
. *50a -a  
'’4 - 3  ..
0 ,;
\® .
0
14*99X3 
0 . 
0
20,0000
14.9913
0
20.00001
20,0000.
4,9)71
:0,0000 
:0. 0000 
6.656?
20.0000
20.0000
6.6S-S?
20,0000 
20.0000 
6.6GS?
o» ooo57*-tesura c.0029 0*0X24 0.0239 0.0297 0.0305 0.0305 0 .0306
2* ^ V - X
- 3 * 1 3 3 5 ^
o .S P S Q ^ j
% s
0 ,■■■■,;.
■ 0 .. .;■■.
Q ,'. 
0*0029
0*0074
0
, ,0 . /  . 
0*019J
0.0504 
••0* 0052 
. 0 , 
0*0691
0.1753 
-0* 0423.
0*0617
0.1G25
0.4135
•0.14-53
0,011?
0,3105
0,7901
—0.346?
O.QWl
Q .5 » i
i ,  m i .
*0,5025
0*0957
0,7719
a .0 ordiimtt wquosco of » IQ  a (t) Is { $ % X0j JLO# X© *»$£$) 
fclth the f ir s t  ordincte at # 1‘hna ^  « 0^g 0^» <*5
.at fe f  tccw d P ii 0 **9 t hi i hiino loos than the lim it Of
£*# * i s  then considered as i t  X£^  but f h i  second or&ia&t® 
t x r l t l o n  ( t » Q , l £ 5 )  $ rt 55 e e t t  - 1 0  a n d  c i  8 ^  a t  t » 0 * i a $  l a
4 1
s t il l  vary small then equals ***!§ upfrosimetcly curd as
tide Is beyond the li&it then i t  ia etmsldtred to be cnanl » ■
only do ~G«6* ileus the solution pxaoe  ^is  Xx*. this m a r  nxd
. : > ; m -whosever exceeds *• 6f& i t  is  then fa tes  tqiaal' to  th is
. .* 4  . . .  ■ « * .  . ..  . . . . , . . - .
vate
2* nyqc^entit I rz n iif 't^ n :*  n n l t
She equation in  this ease i s  equation (4*1-5) fliiolx 
ten been r«:lvud in  section (4*1) Cor 0^  «+V~]0 u ( t )  without 
eoraidere.irs the Volvo limit* teiitratien is  considered ia  
th is case also by noldlnr; 0 not to exceed +6*6 * thus from: - ■,'•■ - •-.■.....  ■•'.■•■■ . . <#** ".-..i. ■.. j*.
equation (4*1-7) 0* i s  not to  exceed -  i j j |  (
i*c# to cay not to oncocd -11*4553 then e*» ID tx(t) and
:. ...   ■ „   . ■ - . . . . . .  ‘'' . . .  ...
4*214 When 6^  » -10 n(t)* thus tho nroct&r#-of; solution ■ 
ia the scrao os ia  tho linear coco above with 8f as given by
equ tion (4*1-7) instead «?£ 8* but utenwW -6| tho
*. ■■*■■■.
values equivalent to  6 ** +6*S it' t e l l  ibctt be mad# eqaEl
to  th ese  values «
" V Tk.v® curves obtained for 8^  «-t^-lOu(t) are irmm -
ia  fig* (6*2)together with that using the linear retfil fei-%, 
unit* fto  nmoxical valuta of i  w orllxtatos tw  tAtatle&ed is.
appendix B. table 7# — • sx; *. ■ a "w- -te - • ., ;'
1 .2
0 . 4
1064 820
t  s e c .
FIG. 6 . 2  R esp on se  t o  10?& S te p  Change i n  t h e  D e s i r e d  
V a lu e  C o n s i d e r i n g  S a t u r a t i o n  -  P r o p o r t i o n a l  
C o n t r o l  Mode.
( a )  l i n e a r  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e .
( h ) ;  E x p o n e n t i a l  R e g u l a t i n g  U n i t  -  S t e p  I n c r e a s e .
( c ) n n »t . s t e p  D e c r e a s e ( R e v e r s e d ) .
6*4 t ;[ Consif*....................................................................Off : ■
forty atlve .GontrpX AQtipn*.
la seefelon (8*3) the rango ot the r^alafing
u n i t s * ,  t h e  l i n e a r  e n d  t h o  e x p o n e n t i a l *  w a s  f x ^ n - d  n o . t h a t
ICO) fm 11# t t^woes -tl sad’*A nM tlms uMtrflit ■'^ regparfcidaele
control isefo w|vere **(9) *0*1$$ the deviation #'w©j§-to hi ■ ;.,•. *  *
feetwoon * 6*u and -8*8 * la  the frotoftioaai * derivative. ■ 
c o n t r o l  m o le *  h o w e v e r ,  1 ( 8 )  »• 0* 15(  - 8  *  0 * 2 d f i ^ & t )  © x l  i n  
c a s e  o f  a  s t e p  c h a n g e  i n  t h o  d e s i r e d  value f ( 0 )  m i l . h e  , :-- : 
h a v i n g  ©a i m p u l s e  # f  t s * 0 , ' - »  o r p l a i n e i  i n  s e c t i o n s  ( 4 #  5 )  
fc ( 5 * 7 ) »  t h u s  t h e o r e t i c s & l y  i t  v i l l  m  o f  I n f i n i t e  Vv J Lu j  
a t  t - 0  i * t »  i n  e a s e s  o f  s t e p  c h a n c e s  i n  i m  t h e  i @ $ i r i i  
v a l u e  a  d  i n  t h e  p r e s e n c e  o f  d e r i v a t i v e  c o n t r o l  a e t l o % .  
t h e  r e g u l a t i n g  m l t a  w i l l  a l w a y s  h o  o v a v r a u G e d * : a l t h o  v  * 
i n e t i m t a n e o u s l ^ i  w h a t e v e r  t h e  v o l u o  o f  t h e  s t e p  © t o e , e  i a  * 
f h o  o u rn e  o c c u r s  i n  t h o  p r o p o r t i o n a l  4  d e r i v a t i v e
i n  c a s e s  u n d e r  t v * m  contro l  s i0 d o 0 .*  - t h e  
saturation of the regulating units-'should fe# into ..:
a e e o i i f i t *  In too numerical solution of tho equations ©f &xsh
eases in sections (4*3) asi& (4*4 >§• the solutions m m  charted
u s i n g  S a* 1/18 g i v i n g  tho .derivative c o n t r o l  a c t i o n  .
0* 15 0*2 (40/dt) f t  fee and **.5 n(t) as 0«.15^ 1fe2#4
'itdeli i a  alone g re a tw  thaa. unity* time F(8) l a  the p*eaenee 
of derivative control a c tio n .ia  g rea te r than u n ity :a t .ism 
and to  coneilw  saturation* i t  should fee nnde uM fyv ■ '•
; fhua to  c icut& tf th e  response- couax1 ** lag 
sa tu ra tio n  for. tho lin e a r  regu la ting  u n it m t e  p ro p o rtito a l 
■* derivative  contro l mode* the procedure i s  tho same as in 
B m tim  (4*3) ercept that at tee* in the table shoving tbs
c t r t f  of th e  so lu tion  there* * 8 + €**(&©/dt)^ i s.*■.
made d u a l  to  8*6 so th a t i ( 8 )  « 0*l£$v not to  be more than
unitf*  S im ilarly  under tlx#' 5-fecrm control mode
.. 0* B %  ♦O<X(/0)S + O ,2(d0/dt)s  cts t«0 I s  made
*
t<pal to ' £#u ■ « -
*
i t  should bo n o t i c e  * here that lixeii ia less _
thm 6*6 u (t)f 8j w ill only Is v,rcaltar than €*6 at teo
*
vlero the i  pulto occurs* but mhm i#  greater then 6*6 
thorn ©i w ill be p o ster  than §*§ at •other ordinate positions #»% ■ - # 
not only at.tsso * -*nd tlxao should fee-1 tq n a l to 6*6 
Conover i t  tmeoods this value i f . saturation i s  considered* 
M  case of the e ^<msntiEl regulating unit ' 
S& **■■ |^S( 0 <*:■> ■** 1.) the. lim its of .lf(S) being ,41 then • 
6* -at t e c  m id 'e ^ ^ u ( t )  :t o Id fee made -*41*4333 sa .it w i l lS- - u
exceed, th is value and whim -0^ -^ 5mCt) B^ at t^o is  made
*
4* 214* aai i s  esse ©^  exceeds 4 6*6 u(t) * 9*^  is  r.'de 
efiual to -.11.4553 esa. 4*214 irespsetivelj It exceeds
* * »  Jf J  w  • * *
fr:la c s  not only et 
: ffee reopens to ©y*5u(b)* i-oasii@rlag saturation# for 
th e ’lin ra x  rogulntir?g unit under proportiorial t- d erivative  
control m©4# i s t  control » d # .tes  boon calculated#
cXqo tho resjovoo to  » 5 ^ (t)  aid  -v u ( l)  fo r  Lie ezpo K-rdial 
regu latin g  u n it under tho same control r >a&. The curves 
obtained fo r  oacli-control itodo or© dr a, m together an shows 
in  fig#  (6*3) tnA (8*4)# foa ri *n lord value a of tho 
ordinates ore tnlm lctod i s  afpnM ii: 1 t&hdm {5) m (#)*
6*6 0O’ etito mo onxm t ',rr Obfe*8 It'tvI 't»o ut^o
in the V”dvu» ' : ......  '. . '
:j r ,: ■;■ “ investigating tho reaposse curves .dram is  figures
(4# 1# d$ pf 4} and C'o«l# d# p# o« 4) CuU t it le s  
v n B ne not!co tho following*
1* It i f  clear from XI^*(4#$) th:t the shape of the 
response for the- ©icporrudial rcgv&htt , unit depend© on 
! th e  aagnifm tf o f the atop - charge in  the desired  value#.
>MXo tho renpoxxe to m u(t) ia close to fc, 0 response 
for V^ s MnoiRr roiuleting unit an dim fet cn a  £$m  table 1 
appendix Bf the Xergor 8  ^ i i  t ie  lc.rgor ir  the departure 
from th is response * as omn M stent £ 1*0 :? the response to
5 u {t) nivl 10u(t) id  fig#  (4*1) *
i t  i s  seen thnfe as be-oomss la a tr the wordhoob 
isoreasta asl tho raepoMe becomes lens damped# But as
1 . 6
±,c~
0 . 8
0 . 4
0
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6 .3  R esponse  t o  5^ S te p  Change i n  t h e  D e s i r e d  
V a lue  -  P r o p o r t i o n a l  + D e r i v a t i v e  C o n t r o l  
Mode, C o n s i d e r in g  S a t u r a t i o n  .
( a )  L i n e a r  R e g u l a t i n g  U n i t  -  S tep  I n c r e a s e .
Cb) E x p o n e n t i a l  R e g u l a t i n g  U n i t  -  S tep  I n c r e a s e .
( c ) n ti n - s t e p  D e c r e a s e ( R e v e r s e d ) .
1 . 6  r
1 . 2
°o
0 . 8
0.4
0
0 2 4 6 8 10 -
t sec.
Response to Step Change in the Desired 
Value - 3-Term Control Mode, Considering 
Saturation .
linear Regulating Unit - Step Increase.
Exponential Regulating Unit - Step Increase.
n n n -Step Decrease(Reversed),
FIG. 6.4
(a)
(h)
(c)
..to. praetico- the regulating valves have a Xtaifcod rang 
V a t^caoaae w ill not coutiruie to beeone 1 or -e m  df1 
$* < ^oaccs* because when #, cotoccdii a certain value . 
depending oa the proportional bond * saturation Of the valve 
w ill 00:’0 into effect arid on can bo soon fxon coloring  
tho response to lOm{t> for the exponential. elating 
unit ia fig* {4*I) whore o&tur^tlon is  not considered and 
the correcpan&ing response i? IXV*{§*2> where s i t  i rtion 
io considered* tho response aecs& to bo improved to by. 
saturation from the point of view of xoJuced overshoot 
**l increased dajspiug *
, . ffe is  also.noticed from all the response mirvcs to..
*tcj».c hnngcs in the desired value a that the response fo r 
the 'erpon<mtiai r^pulaMaif u&it to  step lucreace in the 
do aired value ia  d ifferent from th a t to atop decrease*
Chile the response to step increase in tho desired value 
has a larger overshoot end lens damped eorpn-rod vdth the 
response frr- the linear regulating unit* the response to 
step eleorcase in the desired value ha.j a untiller ovurehoot
c^d viore damped * •. * m    '
. /Iso  1 * the ebsenno of ixU jx 1 - 0  «*rol action* the ■
* effect** to  case of stop ino ro rserin  th o 'desired value to  - 
leas than In ease of step decrease* ~cr e l  H*- uader -the 
proportional control the ^Offset” in- ccee. of - JXS 
stop increao0 in  the  declrod value i s  0*3055 -and .ia. -
ca*  ^ of stop decrease la  0«2X3S* fo r  t t e  ■'liiita^ r 'c a la tiia s  s
.tmit-tte ..^uiyalwt! *offset” 1® .0*1X23* .f&o 'j
** offset* also vsries with tho magnitude of tho dun^o In  . |
■!
tho desired  value fox th e  exponent l&l r e wuXatins unit while 
i t  i s  co&ci&ut for the linear rc ^ v la ii  % wait* ' :; :'
.5*, .: - Xt £3 ceeu fro 4 figure® £4*4) that ti o respoiine j:
for tho c%ponc&fcia& ro^ulutiut; uiait- to- 52 step im m m ®  to 1.-
th®. desired v- Xuo depart a vcr^r isueh a t tho s ta r t  fros* * 0 :. , I!
f ;
■ coC T crpeuditresponse fo r  tho iln e c r  n rJ t  j!
n ' -
i f  tho deritrrtiva action was lar&or th<* departure voaXd ■ • j
Ixnvo heen s t i l l  greater* It uep seen odve&tppous that tho I
response r ic e s  quicklyf • hut eoaaideriap t ! *• sa tu ra tio n  of {
tho ru^ulatlrg unit the response &a seen from fifporea <b*3> ^
end (2*4) docs a§ loafer rico qolckly* . ;;
4 W ; : • X& £1> •C0*1'} rtoro tho response ia tho presence of . j
&■"disto;oe-vel0oitj las As «&©«&#'i t  can he reasoned from -f
this Tifuro whet is  the *.^wCt irejvaoisc tho ©pan, loop |
■ fa in  * as tho introduction a  time d tlcg  in tho loop i t  |
- • .' ■ ; ;- ’■'■ •" .■'■ ■ ■ ■  ...........■•' '■' ' i!'
a i r i l a r  to  an increase in  tho ©ran loop fain* Xliia e ffe c t
■ i t  seen to  isahe mm retponoe for V exponential refulating .
unit worse* ■' :!
3 ; the determination of m ioh. r©pilstin§ unit ..char&otorAatic 
&l\reo the hoot porfoxar'iico itl tho co'troi Im p  d^ ; cadi on 
tho criterion , c doptod fo r  tho eonparimaa# fwo c rite ria :,; havo ■ ■<
used ihrt of II * tefeegrai .of ’ crror-c^unrcd f e l d t
■** *tr!5  '***
c I  tbo irisoral of t  „ fir st to i safe i s  ijr?  ^ $*
f 0 'O ..■ 3<?di ■J f  Shirt* fhosa ■ esloalafciviis hss Leer
o
fo r  I;t  *o yeeporao c o to s  -fid? £if>C^t^3i twcfc o~ 1 f fron
*- / , - <£& w V *
ecee* as 1 10 furrw tiro almost co1 * lately du^
after t» lof the rc&ults xtoza fosM. to h© a# fo llo w  i
£or the linoor resile tire* tadi
3 .*5* *&* & 0“ 'wO ; ©Sd ] wf
eirporHrtl&X ro^rlation unit in ease of ! tWi> l^ o^ o
fO
]%■ £T SJiii
j, V
Jerdt S3 1*3'^ end J t'fr&t a 1.;
* 4« of step  decrcao© i s  $$./P ...
j  '■'-..A s  i
/O
J- ■ '.5•I* f.4A'“,*ti’j «■* % . Cti^uA v* ^  >.> W  ^ <4*# . C3
<f»
iOtar nlricli i t  i s  cocn th a t tho response fo r  tho 11^
ae^rll €»r \;iRiisfe& of ( 0hf|f' HSd Jrc c r ls tirn  oaift t,v»ir?G tr a i le r  valu s  J 
i s  then  eoaei3y*\.i t o t t e r  than, th e  roo onse fo r  the ■ 
c£$onc~t icCL rcc,uXa-IaG unit # ihuo sea coxas to ill# 
conclusion. th a t the e :rp o rrd inl  rocui l i   ^un it Is  ■ 
t#  f li t lin o  or one i s  oeso of' desired  ¥alde efeatipos*.
6 * 6  fon-rt r i t s  o:i t h e  r e a p o r 1'© C irr /o o  r h t  re tro d  t o  e t e o  
char pa a is  load*
i Jairimt xv,rf isg  fl^u reo  C#*5t & 7) and t r  >1 s (5)
) App&n&ii.B iso notice- the follotdiaif i 
l #X!ie respons# cn fo r  tsho e:rpooontial : <. dairying u n it 
are eoou. to  ho L e tte r th^n thane fo r  fha l i  .nor oao ia
<24
oa^ o df step iaoroixe in -loal*. fhis is preyed hr /oi‘ . ^* ip
J  ' ^ l f t ; 9 r'd 'Se? J gm xor fae r#0pdsst a idmas 10
• o/m of proportional -t in to s r& l control modo result'#!' is t  ,v
i'or the linear unit to- ;
/#dfc = 2 5 . 1s md 7 taadt » S5 .So-/ # w-'
and'tor iho o* ctoxt&L&l rcgP attog onto $**
\  ■ ■.. r (<? *>'J *3f ut *& -©nd J Ito*^  *tt $* ^ ^ C«>
2 * Uk 0.-V33 o.f step Icci’s:„ .^ la  load contrary Is 
^.JUtO. ( i . e . } the xnspoasa curves 3V *h„ linsnr -
• regulating unit are 'better then those of the exponential 
one# Cl3 rsosca fo r  this i s  oXecr then wo reecnlnr ihyt 
t o e r t e a t e i  t h e  l o a d  h a s  t h e  o C t o c t  o f  d e c r e a s i n g  t h e  o p e s ,  
loop t&in iovii the ll&aar regulating unit is  lo ins used* 
vhile thin gsto is  raetotrlnod constant with the e&pcacnllai 
rega la ting  unto* mu explained to  section. .0*?)*  t e l
&ccrwaning the  le  J  re s u lts  to  increasing  the op@a loop 
g s t o  w h o n  t h e  l i n e a r  r e f l a t i n g  u n i t  i s  u s e d  1 i M  i t  i s  ' 
kept const suit w ith  thtf exponential 0:10# ' ;- ■’■
5# ' to  the- exponential re d i e t in g  u n it x a to ta la s  the ••'" 
open le>p g o to  'C o n sten tf  i t  would ti® «  1 n e x p e s to l  - • : 
th at i t  gtoea ’the e vT ' response to r  i to  **nue step  £a$r**aae 
and decreast in lead* tet fig* 0*7) vs  ^ then# reapcm©# 
curves er© druvn together* shcxn that t i s  i s  not true* 
iho x a m  x is* a lso  e l  ar ’.hen to  in .to c r r  ilito iHt.ou^h 
the tenon; n t la l  .regulating unit is  v * pe hi c o f  eoimteito 
a c tin g  the <r n  ,0 in  p o te n tia l co rrectio n  dw "to  the- '■
change In load* i t  cannot counteract the change in the' 
coeiXieto n o  .of the transfer function o f  the process 
produced by tb® step change in load- m  seen’ from equations
C5*4-^2 )^*'-'-1: ‘ t o ...■...
• f i t h  t l u  l i o o & r  regulating u n i t *  tho r e s p o n s e  c i i w t s  
to  step im m *  - irioM  'ar® a l s o  different froa those to 
s t e p  d e c r e a s e ,  b e c a u s e  o f  t h e  c h a r g e  i n  t h e  c o e f f i c i e n t s  o f  
tbo transfer function -of the p ^m m n ^ ■ but thr tiffc«ncf 
is  very  ^ i l  compared to fclvt in  cone of fcha. e^on&ntl&l‘ 
j ^ g a l a t l r x g  u n i t  c c  e o n  b e  co o n  f r o n  t a b l e s  ( 5 )  * 1 f i )  ' 
A p p e n d i x  B :‘t  t h u s  1 d  c h a n g e  i n  t h o  l o o p  g a i n  i n  c a s e  o f  ' ; " 
t h e  l i n e a r  r e g a l  a t  i  ^ r e s u l t i n g  i r o n  t h e  c h a n g e  i n  l o r d
j*.  ^ i t  i t  soon that the nenitoearit# of tho
has/conntoraeted'to a" certain ox tent tho change in t] 
coefficients of the transfer function of the proto to*
' V1 1
character!toic of the exponential regulating unit h... + 
ootoo effect on the response to i tcp charges in both  
m il uosired- Talus ( t I s # ) d iffe re n t response to step increase 
and to stop decrease and th is bocoreo more clear the larger 
■'the- CtOp is  ■'■#■ '’•' '■■■*:"; '' .
Also \ * e to to t come to the conclusion hero that t h e  
c oonontiaXicn Irving unit is  superior to the linear one* 
because tothtogh the arwponn© t o ;step lucreaeo in lo i  i s  
found to be better in euro of V»e exponential regulating.
It is'not "so ta Btop^deerens©* But we can ssr that '
a regulating unit levins a linear chtBPactorlstic* the slope
of which v aries  according to  tft# I t r d  to Icetp tho opm 
to Corto’tot would b% tlx# -tost# • ■ ; ’■ :
€*7 (hnci-rd Conclusion '"
It w ill b# aceful to raeke souw cogent a on tho 
generality of the »u»<*ricaX method this thesis juor
the solution of the linear rad nonlinear aysbe^S*
fhe loop chooou for investigating the effect of the • 
cnponeoitial reaulal’ing unit comprised a process whose output** 
input relation woo expressed by % linear differential equation 
with constant coefficients# a J~tox . control lex* those outputs 
input relation was also eupxe to « p n  iatcgro^diffcrontial 
equation with ccnctrat ooclfieitoie and the r^galEting .m it 
which was taken cither of linear cr exponential characteristic* 
lh.ua tho non ^ linearity in the loop equation* cross, 
frois tho tlno*indcpcrd^nt non-linocrity of ,tho regulating 
unit eli.aro.ci-erietio* fho. solutions obtained for the non** 
linear differential eone tim m  using tho numerical method mm 
checked experimentally and id „ mmexicn 1 solution of the 
linear o^iations mm checked by solution with tho Icploco 
Trensform method end by c gurrSnort* tho cheeldLag showed 
tlrur*4" ern st agreement*
t o t , . in  "this chapter ether %p©g. o f m aato ln earitie i 
\^xc considered# ( v i i )  tho presence o f a 4 i  to or,co-velocity ■ 
le g  in  the loop# and bite u s  oration # f  tho regu latin g  units#  
Th& addition of th ese  n o n - lin e a r it ie s  to  v  4 tom^linoerifcy . 
o f  tho exponential regu latin g  unit cim itoc to to o t le  did
not x-orulb fa norot/orl; la  the numerical solution* To the 
contrary the addition of tho  dintan c e**veXocity lag rnada tho 
solution by the numerical method more easy and direct * As 
explained 5n section (6*2) i t s  inclusion wipes out the tr ia l 
and error fora of the aortal calculations#
Actually any number of tiuo-ludopcndcat non-linearities 
can bo Introduced in toe loop without groatXy increasing the 
labour of calculation* for example, a square law ro&surl&g 
element ( an In flow control) and oaturuted exponential 
regulating unit con ha considered together with a distance-*- 
velocity lag*
In the nu&orical solutions the distmco and Integral 
control, actions calculated separately c t  each ordinato 
position using formula (2*a -5 fell) end the" added to tho 
proportional controlaction* 33ms ©jay control action con be 
moa-liiieer8* For exanpl©* the derivative control action can 
b# dependent ©a 0 as wail as dS/dt, i*a* equals 1L* 0&4/ftfc*■Mr
in  which case d i/d f  a i  be "calculated a#' usual using ic n m la " ' 
(2*2**9) w~~ 1 a u lfip lic l by 0 'at each oriiuat# position, thus 
th is type of non^ll&ecrifcy can 1 c Valt with easily m  i t  
adds only ono V'O I*) ■ 0- to the steps of ofdinotC ealcuXstimis*
' Also the differrnticl equation giving the relation 
between output and Input of the proctoa can have non-linear 
toxma, but th is w ill gaa t clylBcxoaoo the labour of ecloui&tiaaa 
m  each' of such terms has. to'be oaXcui&tM eeper&toly and i f
** Q  *#*■
the o terms contain derivatives of the variable they have • 
to be evaluated cfc 4 m h  ordinate! position using f  om&& . . ,
CS#2-9)onee# twice ** etc* momMMg to to© order of .the'-'-:'- 
derivative# Ihis arisen because i t  i s  * ooslblo in  
such terms as D^ dO^ /dt or (d.>0 /  dt~)^ to replace Bed/dt 
by- i t  equivalent serial, operator, this can only bo &on« for 
too l i  oar terasn. A simple exosple is  the aon-llaorer 
differential equation solved in section <2*&)*
fhuo such noivlinear terms in the d ifitootoiel equation 
of the process cm bo dealt with in the normal tray i f  i t  i s  
simple as in iho example of section (2*6).# to t i f  i t  Involves 
higher derivatives* the method con s t i l l  he used thoojbt 
the work w ill ha Itoorious# no at each ordinate' position 
the flr to  .derivative w ill b#.' evaluated using formulae2#&-9) 
the& tot second derivative i s  ifilustad  from the f ir s t  asi 
s#.on* rub -if .a digital computer ia  available i f  can he 
program ed eerily to deal with such c ^ u#
.; tfhen- tills  numerical m ito l can bo x d la  to o ' analysis
of mim-iintarvcontroi. ;$ystems* -.the .work involved is  nob - 
1 toorioaa especia lly  toon th e  process can to  ^ p re se n te d  by 
©3 Bit orn and a dittonoo-toloelty lag as eossi dered •in th is
to cot* * fho accuracy of results is  h i’.h* Xrxi than C*2f>
,;2a general th s numerical mctho 1* explained im chapter 
(I )  t c n i t  need .in the soltatiou of nonlinear differential . 
equtoic i of the. form ; ■:■'■'■ - ■'
, C/t^+ es * i)g Q » tea) ■*♦***,' C6,?~i)
where 6 ±3 a function  of t  i l  #0 «ua& £C4):etn ta le  my 
form that? cm to evaluated. ct each ordiacifo position* for 
eraaple i t  m f e  # f . tlio fora e4'1!^ » 
or I^ e-2 , 3-jV , + Ic2fi0/ds, £j_9 4- KjO SSjAlt,
%® *  %
ite  L,!*,£.> of equation <6*7~1} con bo of any order#
; ,.. I t e  co effic ien ts  A*B$Orh n eon bo olid » const/Tito 
Or furiotime of t# ,. . - . . . . ■
Buob aquations cm bo solved nus terra ,o31y by .substituting 
■for 1 with it s  equivalent aerial operator  ^ IJjudlJxl
- .  -  ■■ - v ' ■ ■ ■ d u# :; «
'gad tbm  ierivtes the ^sreosidm eqasiion #xioh for 'a/; '
equ i i m  (o*7*4> M i l  to  of tho forau ■.. ■• _ /- ;; ; ..; v.,,-
■ V *  K 5 « « b-3 * « 9W )  .:
■r ' ■’ *****'. , '  - 
which g ifts  the nthX or&iru&d of t^-ir teyas of thra®* :;\
ordinate o f '£(#) end the few proceeding ordinates o f f ( 0 )  .
on& 0 depfMimg on the order of tho diff'orertiui oquation#
C are coo rioieiXv ^  dopcn^xin^ on Aj&>$v $f  euid &
t*m#± it o claret of ■ tiro between the ©rdin&beo*
v fixe ordiratoa. o f  #^ ... aro calcu lated fro r  t to  regression
' equation' (6*7~2) by erirl crcl error because 0 aa& thus £(#)
' l a - m i m z t i m  o f 0 i * t *  to  mmmm a, value £ «  Qm  from.
Miich wo can evaluate fC0) r  1 i f  i ( 4 )  etrinino d9/dt or
f*§&$ then these can ho o cluaht-4 s t each ordln&to pos ition*
M 2  **
the following fox* d &
' <itydt-)„. .., « |c  . <6.7- 3)
» 4 C 4- ®lli
t l u  p^^wd to. calcul&fco tto which shot&d agree *fxih the 
ossuirod value etlioxmiso the procedure is  repeated #
X£ ncrs tho UVSt of equation (6*7—1) c out elm  aoft*
l in e a r  tonus i u €U .or. i t s  deriva tives life® C B tos /  ®  or. . ,- ■ .:■ Cl ■ : - - • ■ • ,  p  <J
1 dt^/db * i«»« etc# t cu*. those tesma bo
evaluated seperaleXy* for exear&de CB0 ds  ^ / dt  i s  c /al< -*cd
by ee leu l * h .  / 4 t  urlsu; fo ruu la  (€«7**5). .m l i*
iaa ltip li#a . by a t each oxdlntto position and B
is  evaluated by calculating d9 /d t using formula <6*7-5). 'fciJ ■
tad then ^.*^0 from &3L /  dt using tho sane fcraula a si to,r■as^awgsywuis., y, 4 ■—
u.i.iW ■■■.:•■■■
lamltipllofl at eoeli orainato position *
• s r T i G  to necocst&y as i t  is  only in. the  lino ta? tarns
tlaatuw  dm. substitute i  fcr U % i t s  equivalent s e r ia l
operator » iims evon i f  f(S ) i s  i  tto oast i s  t  simple 
function of t  onlyt the C ild u la tio n s til l  increaso g rea tly  aa 
the nuirhar a£ the so y<cnXtoecr torrs or the ntiilor of' 
differentt r i to n s  do  ^ * aisiQ fo r ra ia  (0*/~5) i s  increased? 
Horovort a c lap la  digital computer pro^aumod os the basis 
of t i l ls  Mtfiod should he able to d*;ax with c ito equc-felons 
whore tho o a leu la tio ss  can too  w*u f  to  bo t o o  to  the 
usual way*
”1 4 '*?* J|:
la w  o * ? '$ !* '■ * •dnt fen (i** r <v*r iJ f-*sMen (2*5)*
*
£be eqxtetica is*.*■% •»■'”
I  f  I  I  -  I  8 i  * i# .itfi** ||i« ii,|iftf |i
i mJwI to iho initiol condition 
a t't  ;i? 0 1 «* 0 ©sd X «* 1
flit &*f* (£c&'le&a frrrv:fOM) a? &3,uatioa Cl) is*
0^  «* X *» |^< cy) ■** j  3& o .
t&t» X ** w * o l t  § resmsnfin{5 n# ipfc 
d?  ^ 2**  ^ . 1
. S£ «#■ **. ..$ .*. #. # # # +t&si# • ' ^ -fir
fho Integrating factor inert enurticm (2) io§
 ^ ><«*
■ *? w *, Ct*^$0d3 ,« •»*** 0"* . . . f ' Z A0  «ss- %* %iM If f  #. #.-.i# #: ■§;•$. f  .# # * ♦ # * * » $  m P  Jt
%hm ir o n  w * itii/ns (<*> is Cf)
& / .
■ ■ w > f  t  s t - - J ) •  •  s cT*3
than as. tetec^oting w» gut
p
. Jg
o ■.. aW'J® &0 8 # ^  # t#
J *c* 2 .0. r jr *# 55, * -riL* ^  ^4 •
m t  s# at- t  *6 0 I  « 0 thou a
tliui- § as 0 tad reeordisgXy
,, 2 y .« * *
i l s  inverse JL»#^ # of tMs chives the t»>Xtt!:Jai of ogaritei Cl)
Mi T s? t
2* fha ftru*tyttoal i-oXutS on cf eu&ntion <£*6-4.) Boctl.enC2*6)
f:ho eq»,eti<m i s i  .
•■ ■ 21 *# w" ,X ^ X*\ '®,-0 .'... . ae *'#■#. **#•'#"*# .f #•####*#* * $.£; C^ )
Oavy s^t t#  t ie  in it ia l eosiitiin s  . 
nt _ I f f  . 2 a» &. end " X » ©
l-Ms equation is  solved by ripens end the solution is  coven,
here briefly asd in a slightly different wsy #
of v i^lien C4)--i0t ■"/"•  ^ ■;
r/* x  *** s- a •■ t .#* st %<xXd^  «. 0 .*■» ,r!j. ■ • -. . ** .
■031 ’ (  3  ''tf W .: )  ■ 3S a  0  ** ^X w P  .$ l i f  i  # •* -Hf # # * #. ■$ m *  *  *
%,’■< *a * ss i» f ,: ef I ' tsai la  ^ a of #  ■ :
-**£## « $ *-****##### f $
^  ^  ^ 0  ^  ^  .. # ' t  # # f  #  #■#: t  t  % • # * #  * ' t #  i  #
% si. ^  ^  ^ ^3 :* * ^  •* * f * $ t ■# #■ # * m * * * *
; .. £a equation (§> X^  mm i% m ^lm M  o£.(t'} be bo 
i,a equation (7) w* i s  the frequency to to determined later  
and the 0  ^ quantities are constento v&U& are efeooca to 
eliminate resonance. conditions in a latvmor ii *•»& w ill bocoau* 
clear re no proofed# in oqeatien {§) the ar qur nil tics  arc 
tha &*f# of the. $uc&tltl4$#<<bcinG on a ll t eoloulntiono-ifX*
are then „ J - tn be lim it©4 by oritting o il torus 
oontsiniBg °< .tc m pm m - itisa the third* ■ .
*** 1 4 9  ***
L-uoslitutlnj Cf6)t(7) (2) itx cpaslion (5) results in  ' -:  ^ "
S^ {X0 4-«CS| ♦
c«| * o24  ♦ e5o l)(r0 * ° P . ^  y  ’ •
m it s *^&Cxe ♦<*’% r c J i j  ?5
n eg lts tlu g  mil ■ ^ m m . s te ln f  ;®< %f pworo higher ■ ttisa 
t t a  th ird  re s u lts  In  •
Cs%  ‘ 3’ ©> +0<C®% * *8*i * «f-o * s l  5 *
. f t e A  * v|::2 * r v 0l*i * m x t l l  *
*  * 3 * 5  *  g : : 3  * Q>x l  *  G f U  +  * -  o V
■ :  ^ H. S ' f # * * * * O # # * » * * * * 4 * * ft * * $ C )
. \h l3  ©^nation jkbs* hold fo r  vsius e l  the quantity °<*
Sitio isemaa th a t each fa c to r  fo r  o&dh of the throe pw era 
of <*£. jaust to soro $ - _ t u ;, _ .; ■ ; - _ _ . /,
ffniot 0 raat ion (9) up I i t  0 into*
^   ^ c^P.^ % ■• ** 0 0  ****#■#«**■■*#•*##*##( 10)
C 0  ^ ♦ W0) S£j^  « '*»“ *v]2^ 0 ** ^"0 ♦♦ •* ♦: #♦#• #*#*•***£ H )
(ste f* Vijj) 31^  «  «* 0-pto ** %% ** l^C?X #****# M #■##{&&)
& i s 2 «,§) *5 * - g - 0 ^  «A% ,.*(15) .
fr  era o quafe ion CIO) . .■■■■■■■ .
n 1^0 48 0 .. ft  #»'*## #»#*+*.*'* §###;#.( 14)
the  inverse 1**1 * of v*ilch i s  1
*s II. 000 *#**(1$)
H i#  **
ihia, represent:* its# f i r -  W the mXu%lm
of equation. (4)« I te n  from (15)
i 0 s* 14 i f  . , . ,, ,. ......
« I* |£< 3 oes '„ J i 4 60S ^*0t  >a
. 33, • #, 2
* a% ?£ ' 6%5wg
Oubatttubiag now fo r from {14) 3 fzort (lw)im '
0 x1 v io l (11) ^ ito  in
• ' 5
1 ■ ■ (criw pco-ts^)
from a t$b3L© of Xtc^lneo Treasforrs^..
i r i  « X  v .t -
(a ♦*£)* .. ^ue a
Hence tho f i r s t  trmu of the 2«H„o* of equation {X?) . . - 
corresponds to ~ c ufLtit*a of to eliminate
th in  (v ia * Jie/) t*  * l i  f># e i l l i ,  g '  '......'
i#  ©$t Gj" i£ ** t J** * m i * ;* * * #, .# #■ * * f * I *: #: •# # w $ $ C iv )
$im$ tqurtion Cl?) reduces to  ,.';. * .• ' •.......*•••*■ ’ '•
:. A; ■' , (a^+w^Xe^v.p•■."■■ A: i!
the inverse of v*Mch $M m  flat aooosd c^proxinsctioa
J
. x* s* Coos Jimt **-.000 wrt) — -"*■■■#**■*•*.#..*f*i.***.*(20)
. • .& 7 m  Pwo .
ftiea from (15) Ss C^ W , 4  .
. 5
r»t) » c o d i t  (eos^w •b » eo**jfc) ,
5  *'■■■ 2 2 * C  ■ ■. . *' 0  eC$
**?• ■ ■ jSS If 'W*4dww<i*= (  o o a  $w j*  # cm  ; \ t  «* t  e «  )
120^ " ■ 0 0 0
5©^  # B A B *
l ;? 3 w £  1 : f l%  ( 3 » 0 > *  e * 4 * *  '
S i i M f i f i i t i i t s  & i 0 m i  :$Ipo t h e  v a l u e s  o f  '.x^:m€ ^ g -& m  
( 1 4 )  & ( 1 9 )  i s  e q u a t io n  ( 1 2 )  r e s u l t s  t o  :
1 - 3 - ~ 5  " ■** B *  t* « ': / ® . bGT % '4^- ■# .^Uk ■ W- ’V r'l. S’XiS
: 3  ( % * }Ja?) 6
v.& ( s s  >.a>
*»**#***#« ft »».* (23.)
'"-‘•O ’ **©■''“• ' " 0
-v,5
X2G 'g  <a% t£)(u% £5'g)
$0 erllnlsate- the reooacuo texm t ie  ocetfiviest of
—2——.-, ,, i s  equated to zava i*e.
< "* *  *S>“ 3  : .. - 5 • :
G-J& •* «* «.2l-.)^  /is 0" ■ *“*■• . m. 1 '“.'*P « *>•  ^ vV ’'VS:
substituting the value t£  01 frcm (XU) rcaala t o
*«sn#
•; ;• | a4* ^H ^  S - W'f* -nt,^  ' # * f #• f « * ..# * * * $*$£$# ,* # * * * § { 44 )
0
f i r s t  o f the L«Jf*4# # f ©$«&fel©& (21) i t  ■ 
a m  s e r a *  f U / t h e  v a lo e ®  o f  0 ^ - e a d  0 2  £ » m  ( 1 3 )  & (2 2 )*  
oquatioa (21) lh  a ro'arca
.Hi#
5 * * #«««* # ?■ # * * #»C ou)
° ■
flic Xirrcrse tren&fora. of tiiioli gives fli# t l M  
e„ m  ;: - ■ • ■ ■ ■ ■ ■'-■• v - *
X*> *# C 000 ** 000 ) ,: '»**■##********:#( l)
IC^-sl 0 ©W • 4
Timz from equations (6)* ( l / ) t  (20) isiA <24>* the solution
of equation (4) up to .the third appreciation la*
' ' ■  . 3  ■ - -'
X & a cos wJs 4- { ooa t «■* cos irct )• . ; - V ■ . >« n W S#■jWt^
\ * }
■ty «,.«»MW1^*W^Wr,. { OOl® 5^  nt .*** WAt ) •♦#♦'##♦##(4^)■-■-. « H ^ P p'- *(&*■ »*■« I -^ji^ '
gild from equations (3t)| (IU) (1-;
*,*«* ■• v2 , -»/ -4*  ^ \V + m°<$l ** m * * * * * * *  # $ * « § % # * \  >-P Jf
0 ’ .124
i;oti putting numerical valuoa for w f & f tAhma
woti-i (aO) result0 in
X w 0»99455 c*1* 0*00544 oe# J^0t  .■ ■•■ ■•
> 0*00003 c m  5v0t
; wo « t#o?£
-f  aMe 1 ~ to *tep Chengcc- In tho ke sired
V&luo -  iToportlonal Co&tr&l no-la*
.Linear i:rblal Oegulstiag unit
nee# 5fS .:■;- : l i 5.j 10 *• -1 -5/S
■
—I*,
0*5 0.0495 0.0407 0.1557 0«OG^cJ *■ ? 1V., * %* *•»«*>«• o,o?5;:
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1.5 0.4535 0,45?> 0,55)3 4*d3/v 0.3X55 0,4t-'.5
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"10 ' 0.9450; 0*9’.v5 G* Go 44  ^Vi?j6; .-,9Xvf 0,9131
l*Bv- IBs 'o rd la a tts  ^ a ri 'd l ¥ M « 4 in: ■:■- ^
*&& tto sign ex' ttin *tcp ordlnatc-c Is revered#
i!sMe i  ~ t s  .tea Chirac®  1b
■ e^Xiia -  «, r ^OTvlcnal I'lctosral a « tr f l  fcocte#
r~~"'
t , lA&bsx ■Expo^ mitifil > osulafciii# Unit
see* 5h IS 5S ~51§
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•find l 3 i i K ™ a t  the fit i f  ci^crc^ c ordinates i s  revenue
~ Leaponae to -top 0)taiiL-:5 in *;Vo Xeeiroi 
■ . _ . Vsiuo -  i  r o ^ o T i ' io n c l  $ Perimti v c , eaUroX A^ ode#
. 'w — >
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f i o t  O o n c i c k  ■Tin,; . J a t u r a f c l & n C.cr 5 d a ; r i n, j  1 V i i c d i c a
s e c * I  i  i  - — / n e s t i c l si£*,r.*:r 5 —3 o u ;n .u . t  c l
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